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Abstract
For the solution of non-symmetric or indeﬁnite linear systems arising from discretizations of elliptic problems, two-level additive
Schwarz preconditioners are known to be optimal in the sense that convergence bounds for the preconditioned problem are independent
of the mesh and the number of subdomains. These bounds are based on some kind of energy norm. However, in practice, iterative
methods which minimize the Euclidean norm of the residual are used, despite the fact that the usual bounds are non-optimal, i.e.,
the quantities appearing in the bounds may depend on the mesh size; see [X.-C. Cai, J. Zou, Some observations on the l2 convergence
of the additive Schwarz preconditioned GMRES method, Numer. Linear Algebra Appl. 9 (2002) 379–397]. In this paper, iterative
methods are presented which minimize the same energy norm in which the optimal Schwarz bounds are derived, thus maintaining
the Schwarz optimality. As a consequence, bounds for the Euclidean norm minimization are also derived, thus providing a theoretical
justiﬁcation for the practical use of Euclidean norm minimization methods preconditioned with additive Schwarz. Both left and right
preconditioners are considered, and relations between them are derived. Numerical experiments illustrate the theoretical developments.
 2006 Elsevier B.V. All rights reserved.
Keywords: Additive Schwarz preconditioning; Krylov subspace iterative methods; Minimal residuals; GMRES; Indeﬁnite and non-symmetric elliptic
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1. Introduction
We consider minimal residual methods for the solution
of non-symmetric or indeﬁnite large systems of linear equations of the form
Bx ¼ f ;

ð1Þ

where B is the discretization of a partial diﬀerential operator; see Section 2 for a description of the class of operators
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we consider. GMRES [24] is a popular Krylov subspace
method for the iterative solution of non-symmetric linear
systems, where at each step the norm of the residual is minimized over nested aﬃne spaces of increasing dimension.
The norm used in this minimization is usually taken to
be the l2 norm, i.e., the Euclidean norm associated with
the standard inner product (x, y) = xTy. For references on
discussions of other inner products in this context, see
Section 4.
Additive Schwarz (AS) refers to a class of extensively
used preconditioners for (1); we describe them in Section
2. There are two main components to their appeal. First,
they are easily parallelizable, since several smaller linear
systems need to be solved: one system for each of the subdomains, usually corresponding to the restriction of the
diﬀerential operator to that subdomain. These are called
local problems. Second, if a coarse problem is introduced,
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they are optimal in the sense that bounds on the convergence rate of the preconditioned iterative method are independent (or slowly dependent) on the ﬁnite element mesh
size and the number of subproblems; see, e.g., [22,28,30].
These bounds are given using some kind of energy norm
(or equivalent Sobolev H1 norm), i.e., the norm induced
by the A-inner product (x, y)A = xTAy, for some appropriate symmetric positive deﬁnite matrix A. Usually A is taken
to be the symmetric part of B, i.e., (B + BT)/2, if it is positive deﬁnite (i.e., if B is positive real), or some other symmetric positive deﬁnite matrix related to B; see further
Section 2 for the operators we consider here.
Cai and Zou [12] pointed out that when using AS with
GMRES minimizing the l2 norm of the residual, the
optimality results of AS may be lost. They show explicit
examples in which the quantities used in the GMRES convergence bounds depend on the mesh size. Nevertheless, this
AS/GMRES method is widely used, e.g., it is standard in
PETSc [4]; see also [22,30]. In this paper, we present a version of GMRES where the minimization is done using some
energy norm. In this form, we preserve the optimality of
the preconditioner. Thus, both the bounds for the minimal
residual method and those providing the independence of
the mesh are in the same energy norm. By using the same
energy norm in the minimization as that used to obtained
the optimal bounds, one avoids the possible pitfalls of the
mesh dependence in the bounds highlighted by Cai and
Zou [12]. In particular we mention that while Cai and
Zou [12] found that certain operators cease to be positive
real (in the l2 norm), we show that they become positive real
in the energy norm; cf. the discussion in [18, p. 32].
The iterative methods using the energy norm are more
expensive at each step, and thus we do not advocate their
use in practice in all cases; see Remark 7.1 for cases when
it might be computationally advantageous to use the energy
norm minimization methods. As it turns out, the analysis of
the energy norm based methods do provide the theoretical
justiﬁcation for the use of the Euclidean norm based methods; see Section 6. We show that asymptotically, for a ﬁxed
mesh, the two behave in the same manner. Therefore, we
say that the standard AS/GMRES is asymptotically optimal. We show experimentally that for many problems the
asymptotic regime occurs rather rapidly, and thus, the number of iterations to achieve a desired small tolerance is the
same using either method; see Section 7.
We consider both left and right preconditioning. We
show relations between these two situations, both in the
Euclidean and the energy norm; see Remark 3.1 and Proposition 5.1. These relations provide us with optimality
results in both left and right preconditioning.
2. Additive Schwarz methods for a class of non-symmetric
problems

Let X  Rd be a region of interest which is polygonal
and an open bounded domain, and let Th ðXÞ be a regular
shaped and quasi-uniform triangulation of X. Let V be the
traditional ﬁnite element space formed by piecewise linear
and continuous functions vanishing on the boundary of
X; for details about ﬁnite elements formulations, see, e.g.,
[7,8]. Consider the following discrete partial diﬀerential
equation. Find u 2 V such that
bðu; vÞ ¼ f ðvÞ

for all v 2 V ;

where
bðu; vÞ ¼ aðu; vÞ þ sðu; vÞ þ cðu; vÞ;
Z
aðu; vÞ ¼
ru  rv dx;
X
Z
sðu; vÞ ¼ ðb  ruÞv þ ðr  buÞv dx; b 2 Rd ;
ZX
Z
cðu; vÞ ¼
cuv dx; and f ðvÞ ¼
fv dx:
X

ð2Þ
ð3Þ

X

We note that a(Æ, Æ) is positive deﬁnite, s(Æ, Æ) is antisymmetric, and c(Æ, Æ) is an L2 inner product with a weight function
c 2 L1 smooth enough. Hence, if the mesh size is small
enough, this problem has a unique solution [30].
Let A and B be the matrix representations of vTAu =
a(u, v) and vTBu = b(u, v), respectively. We mention that
these matrix representations depend on the type of boundary conditions, but not on the values of the boundary conditions. Since there is a one-to-one correspondence between
functions in the ﬁnite element space and nodal values,
sometimes we abuse the notation and do not distinguish
between them. Let kvka = (a(v, v))1/2, and kvkA = (vTAv)1/
2
be the corresponding norms in V and in Rn , respectively.
Considering zero Dirichlet boundary conditions and using
elementary results we have:
(1) Continuity: there is a constant C, such that
jbðu; vÞj 6 Ckuka kvka ;

u; v 2 H10 ðXÞ:

(2) A Gårding inequality: there is a constant C, such that
2

2

u 2 H10 ðXÞ:

kuka  CkukL2 ðXÞ 6 bðu; uÞ;

(3) There is a constant C, such that
jsðu; vÞj 6 Ckuka kvkL2 ðXÞ ;

u; v 2 H10 ðXÞ;

and
jcðu; vÞj 6 CkukL2 ðXÞ kvkL2 ðXÞ ;

u; v 2 H10 ðXÞ:

(4) Regularity (valid for polygonal and smooth
domains): there is a constant C, independent of g,
where the solution w of the adjoint equation
bð/; wÞ ¼ ðg; /Þ;

/ 2 H10 ðXÞ

satisﬁes
In this section, we follow the description of a class of
non-symmetric problems from [30, Chapter 11]; see also
[10,11,22,28, Section 5.4].

1613

kwkH1þc ðXÞ 6 CkgkL2 ðXÞ
for some c > 1/2.

1614
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We introduce a decomposition of V into a sum of N + 1
subspaces RTi V i  V , and
V ¼ RT0 V 0 þ RT1 V 1 þ    þ RTN V N :

ð4Þ

RTi

Here we denote by
: V i ! V the extension operator
from Vi to V. We note that the decomposition (4) is not
necessarily a direct sum of subspaces. Often, the subspaces
RTi V i , i = 1, . . . , N, are related to a decomposition of the domain X into overlapping subregions Xdi of size O(H) covering X. Here d refers to the amount of overlap between the
subregions. The subspace RT0 V 0 is the coarse space. For
ui,vi 2 Vi deﬁne
bi ðui ; vi Þ ¼ bðRTi ui ; RTi vi Þ;

ai ðui ; vi Þ ¼ aðRTi ui ; RTi vi Þ:

ð9Þ

Let x0 be an initial approximation, r0 = f  Bx0 the corresponding initial residual, and s0 = M1r0. The left preconditioned GMRES minimizes the residual norm
ð10Þ

among all vectors x from the aﬃne subspace

Bi ¼ Ri BRTi ;

Ai ¼ Ri ARTi

be the matrix representations of these local bilinear forms.
For i = 0, . . . , N, we deﬁne Pe i : V ! V i , by
bi ð Pe i u; vi Þ ¼ bðu; RTi vi Þ;
e i u; vi Þ ¼ aðu; RT vi Þ;
ai ð Q
i

M 1 BZ m ¼ Z mþ1 H Lm

¼ P0 þ

Qi ¼

RT0 B1
0 R0

i¼1

þ

N
X

y2Rm

ð5Þ
!

RTi A1
i Ri

B:

ð6Þ

i¼1

Theorem 2.1. There exist constants H0 > 0, c(H0) > 0,
C(H0) > 0, and C0(d), such that if H 6 H0, then for
i = 1, 2, and u 2 V,
ð7Þ

and
kP ðiÞ uka 6 C p kuka ;

ð12Þ

and setting xm = x0 + Zmym; see, e.g., [5,23], for further
algorithmic details.
We present next an algorithm to compute the mth
approximation xm with left preconditioned GMRES.
This algorithm corresponds to full GMRES; for restarted
GMRES one sets x0 :¼ xm and restarts the iteration.
Algorithm 3.1

The following result can be found, e.g., in [11,30].

aðu; P ðiÞ uÞ
P cp ;
aðu; uÞ

ð11Þ

holds, where H Lm is (m + 1) · m upper Hessenberg and
z1 = s0/b. Let H m ¼ H Lm . It follows that since we are looking for x  x0 = Zmy for some y 2 Rm , minimizing (10) is
equivalent to ﬁnding the minimizer of the smaller problem
y m ¼ argmin kbe1  H m yk2 ;

e i ¼ RT A1 Ri B;
Qi ¼ RTi Q
i i

i¼0
N
X

s0 g;

vi 2 V i :

and we introduce the additive operators
!
N
N
X
X
ð1Þ
T 1
P ¼
Pi ¼
Ri Bi Ri B;
i¼0

m1

vi 2 V i ;

e i are well-deﬁned
It is possible to show that the matrices Q
(since the matrices Ai are invertible) and for H small enough the matrices Pe i are well-deﬁned (since the matrices
Bi are invertible for small H); see [11,30]. We now set
P i ¼ RTi Pe i ¼ RTi B1
i Ri B;

x0 þ KLm ¼ x0 þ spanfs0 ; M 1 Bs0 ; . . . ; ðM 1 BÞ

where KLm is the Krylov subspace generated by M1B and
s0.
Let Zm = [z1, . . . , zm] be a matrix whose columns are an
orthonormal basis of KLm , such that the Arnoldi relation

e i : V ! V i by
and Q

P

M 1 Bx ¼ M 1 f :

kM 1 f  M 1 Bxk2 ¼ kM 1 r0  M 1 Bðx  x0 Þk2 ;

Let

ð2Þ

the residual), which we use later as a model for other versions. We begin with left preconditioned GMRES.
It follows from the form of the preconditioners (5) and
(6) that we can write generically P(i) = M1B. The ﬁrst factor is indeed non-singular, so this notation is consistent; see
[6,17,21]. The left preconditioned problem is therefore
given by

ð8Þ

where Cp = C(H0) and cp = C0(d)2c(H0).
We mention that similar bounds also hold for hybrid
versions of the preconditioners [30].
3. Preconditioned GMRES
In this section, we ﬁrst review the standard preconditioned GMRES [24] (minimizing the Euclidean norm of

1. Compute r0 = f  Bx0, s0 = M1r0, b = (s0, s0)1/2, and
z1 = s0/b
2. For j = 1, . . . , m, Do:
3.
Compute w :¼ B zj, and z :¼ M1w
4.
For i = 1, . . . , j, Do:
5.
hi,j :¼ (z, zi)
6.
z :¼ z  hi,jzi
7.
EndDo
8.
Compute hj+1,j = (z, z)1/2 and zj+1 = z/hj+1,j
9. EndDo
10. Deﬁne Zm :¼ [z1, . . . , zm], H m ¼ fhi;j g16i6jþ1;16j6m
11. Compute y m ¼ argminy kbe1  H m yk2 , and xm = x0 +
Z m ym
Observe that the main storage requirements of Algorithm 3.1 are the vectors z1 ; . . . ; zm 2 Rn .
Consider now the right preconditioned problem given
by
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BM 1 u ¼ f ;

ð13Þ
1

where x = M u. Let u0 = Mx0. The right preconditioned
GMRES minimizes the residual norm kf  BM1uk2,
among all vectors u from the aﬃne subspace
u0 þ KRm ¼ u0 þ spanfr0 ; BM 1 r0 ; . . . ; ðBM 1 Þ

m1

r0 g:

That is, um = u0 + Vmym, where here Vm is a matrix whose
columns are an orthonormal basis of KRm . The Arnoldi
relation in this case is
BM 1 V m ¼ V mþ1 H Rm :
1

ð14Þ
1

Thus xm = M um = x0 + M Vmym, so that xm can be
computed directly from ym, and in fact
xm 2 x0 þ M 1 KRm :

ð15Þ

A standard algorithm for right preconditioned GMRES
would be similar to Algorithm 3.1, with the appropriate
changes, with one set of m vectors in Rn as main storage
requirement.
Remark 3.1. We point out that there is a close relationship
between left and right preconditioned GMRES; see, e.g.,
[23, Section 9.3.4]. In fact, it can be seen that M 1 KRm ¼
KLm (cf. (15)), and therefore the columns of both Zm and
M1Vm are bases of the same space KLm . Since the columns
of Zm+1 are orthogonal, there exists a non-singular upper
triangular matrix



U m 
u
U mþ1 ¼
mþ1
0T 
such that
M 1 V mþ1 ¼ Z mþ1 U mþ1 ¼ ½Z m jzmþ1 U mþ1 :

ð16Þ

1

Thus from (14), premultiplying by M , and using (16) we
obtain M 1 BZ m U m ¼ Z mþ1 U mþ1 H Rm . Comparing this with
the Arnoldi relation for left preconditioning (11), we conclude that
H Lm ¼ U mþ1 H Rm U 1
m ;
cf. [16] where a similar relation is found in a diﬀerent
context.
4. Convergence bounds for minimal residual methods
GMRES is in fact an implementation of the generalized
conjugate residual method (GCR) [14] where the same
minimization
krm k2 ¼ min kf  Bxk2
x2x0 þKm

1615

as we have seen, in GMRES, the minimization problem
is transformed into one of reduced size. This is performed
with the QR factorization of H m , where the orthogonal
matrix Q is not explicitly computed.
Thus, convergence analysis of GCR and GMRES is the
same assuming exact arithmetic. We only mention GCR
here to apply the convergence bounds developed for it to
GMRES. There are two classical convergence bounds for
these methods given in [15,14, Theorem 3.3]. We present
these bounds assuming the linear system (1) with no preconditioning, i.e., M = I. The ﬁrst of these bounds assumes
that (B + BT)/2, the symmetric part of B, is positive deﬁnite, i.e., that B is positive real. In this case, one has that

m=2
c2
krm k2 6 1  2
kr0 k2 ;
ð18Þ
C
where for each real vector x,
c ¼ min
x6¼0

ðx; BxÞ
ðx; xÞ

and

C ¼ max
x6¼0

kBxk2
:
kxk2

ð19Þ

The bound (18) has been mentioned in conjunction with
Schwarz preconditioners; see, e.g., [22,30,34], although
Cai and Zou [12] present an example where the operator
is not positive real (in the l2 norm), and therefore, this
bound is not applicable.
Our aim is to consider a diﬀerent norm in the minimization (17). Several authors explored the theory of such a different norm, either explicitly or implicitly, and mostly in a
formal manner for the classiﬁcation of Krylov subspace
methods; see [2,3, Chapter 12, 13,19,20,31–33], and also
[16] for a weighted norm and [1] for a recent use of these
ideas in a diﬀerent context.
While the bound (18) and the constants (19) where originally derived using the Euclidean inner product and the
associated norm, they are valid for minimal residual methods using any inner product and its induced norm; see, e.g.,
[13, Section 6.1, 18, 29, 22, Section 4.2, 34]. In other words,
as long as c > 0 and C is bounded, as deﬁned in (19) with
the proper inner product and norm, then, the bound (18)
applies to a minimal residual method where the minimization is taken in the same norm. In the next section we provide an appropriate inner product and corresponding
energy norm for the left and right preconditioned generalized minimal residual method.
5. Preconditioned GMRES minimizing some energy norm

ð17Þ

is sought where
Km ¼ Km ðB; r0 Þ ¼ spanfr0 ; Br0 ; B2 r0 ; . . . ; Bm1 r0 g:
The diﬀerence is that while in GMRES, as we have seen,
the basis used for Km has orthogonal vectors, in GCR
one constructs a basis of Km which is BTB-orthogonal.
There are also implementation diﬀerences. For example,

In this section, we derive GMRES versions minimizing
the energy norm of the residual. We discuss ﬁrst the left
preconditioned problem (9) minimizing the A-norm of
the residual, where A is a symmetric positive deﬁnite
matrix. The right preconditioned problem is treated later
in the section.
In terms of implementation of left preconditioned
GMRES with the A-inner product, it suﬃces to replace

1616
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appropriately each inner product in Algorithm 3.1, i.e., in
steps 1, 5, and 8. For example, in step 5, we would have
hi;j :¼ ðz; zi ÞA ¼ zT Azi :

ð20Þ

In this manner, the vectors z1, . . . , zm are A-orthonormal,
i.e.,
Z Tm AZ m ¼ I:

ð21Þ

Note that this is diﬀerent than the situation in [1] where an
orthogonal basis (with respect to the Euclidean inner product) is kept. We point out that the usual Arnoldi relation
(11) still holds here, but the basis matrix Zm and the upper
Hessenberg matrix H m ¼ H Lm here are diﬀerent than in (11).
If x  x0 = Zmy, y 2 Rm , i.e., writing x 2 x0 þ
Km ðM 1 B; M 1 r0 Þ using the A-orthonormal basis, because
of (21), we have that
1

1

1

1

kM f  M BxkA ¼ kM r0  M BZ m ykA
¼ kZ mþ1 be1  Z mþ1 H m ykA ¼ kbe1  H m yk2 ;

and

kM 1 BxkA 6 C p kxkA :

ðx; xÞA ¼ ðu; uÞM T AM 1 ;

ð27Þ

ð22Þ

ðM 1 Bx; M 1 BxÞA ¼ ðBM 1 u; BM 1 uÞM T AM 1 :

ð28Þ

ð23Þ

Let G = MTAM1. It follows then that we can rewrite the
bounds (24) as

ð24Þ

These bounds are the counterparts to (7) and (8). The
bound (18) is valid for the A-norm, and the minimization
in (22) is also in the same A-norm. Thus, the combination
of AS with this version of GMRES has the following convergence bound independent of the ﬁnite element mesh size
and the number of local problems
!m=2
c2p
1 A
kM rm kA 6 1  2
kM 1 r0 kA :
ð25Þ
Cp
We remark that this convergence bound points to the interplay between the choice of the energy norm used in the

1

ð26Þ

1

and this is why we maintain the minimization in step 11 of
Algorithm 3.1 in the l2 norm also here. In summary, by
replacing the inner products, we have a GMRES version
minimizing the companion norm, i.e., the A-norm, but
the smaller minimization problem (12) is still performed
in the l2 norm, in the same usual manner, e.g., using the
QR factorization of H m . Let us denote by y Am the minimizer
in (23), xAm ¼ x0 þ Z m y Am , and rAm ¼ f  BxAm , so we can distinguish the iterates and residuals of the method which
minimizes the energy norm.
We observe that this algorithm, i.e., preconditioned
GMRES minimizing the A-norm, can be implemented with
only one matrix–vector product with A and one solution of
the form Mz = v per iteration, and by storing a set of additional vectors ~zi ¼ Azi .
The preceding discussion holds for any symmetric positive deﬁnite matrix A. In the particular case where A is the
discretization of (3), and B is the discretization of (2), we
can use the results of Section 2 to obtain bounds on the
operators used here. Speciﬁcally, Theorem 2.1 implies that
there exist constants Cp and cp such that for all real vectors
x,
ðx; M 1 BxÞA
P cp
ðx; xÞA

minimal residual method, i.e., the symmetric positive deﬁnite matrix A, and the choice of preconditioner M1. The
idea is that the matrix M1B must be positive real in the
A-inner product, i.e., cp > 0. In general, A should be chosen
as the elliptic highest order term derivative of B. By selecting a coarse mesh and local problems suﬃciently small,
local Poincaré inequalities force the positiveness of M1B
in the A-norm. Note that from (24), cp/Cp 6 1. The closer
the ratio cp/Cp is to 1, the smaller is the factor in parenthesis in the convergence bound (25).
Consider now the right preconditioned system (13)
where, as before, x = M1u. Simple calculations give
ðx; M BxÞA ¼ ðu; BM uÞM T AM 1 ;
and

ðu; BM 1 uÞG
P cp ;
ðu; uÞG

and

kBM 1 ukG 6 C p kukG

with the same constants cp and Cp. Consequently, M is an
optimal right preconditioner for a minimal residual method
using the energy norm associated with the symmetric positive deﬁnite matrix G ¼ M T AM 1 , i.e., minimizing
kr0  BM 1 ukM T AM 1 :

ð29Þ

A right preconditioned GMRES such that it minimizes (29)
can be implemented from the standard right preconditioned GMRES by using instead the MTAM1-inner
product. For example, in the construction of the upper
Hessenberg matrix one would have
T

hi;j :¼ ðw; vi ÞM T AM 1 ¼ ðM 1 wÞ AM 1 vi :

ð30Þ

In this manner, the vectors v1, . . . , vm are MTAM1-orthonormal, and in a manner similar to the left preconditioning
case, we have that
kr0  BM 1 ukM T AM 1 ¼ kr0  BM 1 V m ykM T AM 1 ;
kV mþ1 ðbe1  H m yÞkM T AM 1 ¼ kbe1  H m yk2 :

ð31Þ

Therefore, in the implementation of the right preconditioned GMRES which minimizes the MTAM1-norm, the
smaller least squares problem remains in the l2 norm. Let
us denote by y Gm the minimizer in (31), xGm ¼ x0 þ Z m y Gm ,
and rGm ¼ f  BxGm . Let Zm = M1Vm = [z1, . . . , zm], then
using identities (26)–(29), we can write
kr0  BM 1 V m ykM T AM 1 ¼ kM 1 r0  M 1 BM 1 V m ykA
¼ kbz1  M 1 BZ m ykA :
In other words, for any ﬁxed preconditioner M, using
right preconditioning and minimizing the MTAM1-norm
of the residual, produces (in exact arithmetic) the same
approximations than if one uses left preconditioning and
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minimizes the A-norm of the appropriately transformed
residual. Furthermore, from (20) and (30) one can see that
the upper Hessenberg matrices H m in (23) and (31) are the
same matrix, cf. Remark 3.1. We summarize this in the following result.
Proposition 5.1. For every preconditioner M and every
symmetric positive definite matrix A, the minimal residual
method for the left preconditioned problem M1B x = M1b
using the A-inner product is completely equivalent (in exact
arithmetic) to a minimal residual method for the right
preconditioned problem BM1u = b, M1u = x, using the
G-inner product, with G = MTAM1. In particular this
holds for A = I, i.e., for the Euclidean inner product.
Conversely, if we have a right preconditioned problem
BM1u = b, M1u = x, with the Euclidean inner product, it
is completely equivalent to the left preconditioned problem
M1Bx = M1b using the A-inner product where A = MTM,
so that MTAM1 = I.
We remark that here we have the same upper Hessemberg matrix H m for both left and right preconditioning,
but with diﬀerent norms, while in Remark 3.1 we have
the same norm, but diﬀerent upper Hessemberg matrices.
From Proposition 5.1 it follows that for the right preconditioned GMRES with MTAM1-norm, we have the
same convergence bound (25), with the same constants, i.e.,
!m=2
c2p
G
krm kG 6 1  2
kr0 kG :
ð32Þ
Cp
In terms of implementation, one can then use Algorithm
3.1 with the A-inner product. It goes without saying that
while optimality of AS with GMRES is assured, there is
the cost of one matrix–vector product with the symmetric
positive deﬁnite matrix A in each iteration.

and the ﬁrst inequality follows. The proof of the second
inequality is analogous. h
We relate now the norm of the residual rLm of the usual
left preconditioned GMRES method minimizing the
Euclidean norm, i.e., obtained using Algorithm 3.1, with
rAm obtained from the left preconditioned GMRES minimizing the energy norm deﬁned by the symmetric positive
def-ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
inite matrix
A.
We
use
the
constants
c
¼
1=
k
A
min ðAÞ,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C A ¼ kmax ðAÞ, and jðAÞ ¼ c2A C 2A , the condition number
of A. Then we have that
kM 1 rLm k2 6 kM 1 rAm k2 6 cA kM 1 rAm kA
!m=2
c2p
6 cA 1  2
kM 1 r0 kA
Cp
!m=2
c2p
6 cA C A 1  2
kM 1 r0 k2
Cp
!m=2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p
¼ jðAÞ 1  2
kM 1 r0 k2 ;
Cp

krRm k2

6

krGm k2

6

cG krGm kG

6 cG C G 1 

Proposition 6.1. Let H be a symmetric positive definite
matrix, and the associated inner product (x, y)H = xTHy and
1=2
norm kxkH ¼ ðx; xÞH . Then for any vector x one has
kxk2 6 cH kxkH ; and kxkH 6 C H kxk2 ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where cH ¼ 1= kmin ðH Þ, C H ¼ kmax ðH Þ, and kmin(H),
kmax(H) represent the minimum and maximum eigenvalues
of H, respectively.
Proof. Let
2

c2H

¼ sup
x6¼0

¼

kxk2
kxk2H

1
;
kmin ðH Þ

2

¼

inf

x6¼0

kxkH
kxk22

!1


1
xT Hx
¼ inf T
x6¼0 x x

ð33Þ

where the ﬁrst inequality follows from the fact that rm is the
minimizing residual (in the Euclidean norm), the second
from Proposition 6.1, the third from (18), and the constants
cp and Cp come from (24).
In a similar fashion, we obtain bounds for the residual
norm of rRm obtained using right preconditioned AS/
GMRES minimizing the Euclidean norm and relate these
to those of rGm obtained using right preconditioned AS/
GMRES minimizing the G-norm. Using the same arguments, and (32), we have

6. Bounds for AS/GMRES in Euclidean norm
We begin this section by discussing the constants of
equivalency between an energy norm and the Euclidean
norm.
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c2p

6 cG 1 

c2p
C 2p

!m=2
kr0 kG

!m=2

C 2p

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2p
¼ jðGÞ 1  2
Cp

kr0 k2
!m=2
kr0 k2 ;

ð34Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where cG ¼ 1= kmin ðGÞ, C G ¼ kmax ðGÞ, and jðGÞ ¼
c2G C 2G is the condition number of G.
Several observations regarding the bounds (33) and (34)
are in order. These bounds show that the (left and right
preconditioned) AS/GMRES (using Euclidean norm minimization) is asymptotically
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
poptimal,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ in the sense that other
than the factor jðAÞ or jðGÞ (which do depend on the
mesh size) the convergence is independent of the mesh size
or the number of subdomains. These ﬁxed factors are eventually overtaken by the other factor being reduced with
each iteration. The positive deﬁnite matrix A deﬁning the
energy norm needs to be suﬃciently far from being singular, i.e., kmin(A) suﬃciently far from zero, so that the asymptotic behavior takes hold. This is usually the case in
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practice, and it is illustrated with examples in the next
section, where one has that kmin ðAÞ ¼ Oð1Þ, and
jðAÞ ¼ Oð1=h2 Þ. Note that the constants cp and Cp depend
on the existence of the positive deﬁnite matrix A (or operator a(u, v)) for which (24) hold. In other words, we have
derived the asymptotic optimality of AS/GMRES (using
Euclidean norm minimization) through the optimality of
the method using an energy norm.
We also see from the above bounds that the 2-norm of
the usual GMRES residual diﬀers from that of the energy
norm GMRES residual by no more than a factor cA or
cG (which is ﬁxed for all x0 and all m). Thus, asymptotically, as the residuals go to zero, their norms behave in
the same manner. This fact is well illustrated in some examples in the next section.
7. Numerical experiments
We present numerical experiments associated to partial
diﬀerential equations of the form Du + b Æ $u + k u = 1,
with zero Dirichlet boundary conditions on the two-dimensional unit square; these are particular cases of (2). The
three cases we investigate are

We consider the following four mesh and domain
decomposition conﬁgurations: mesh 64 · 64 elements
decomposed on 4 · 4 subdomains; mesh 128 · 128 decomposed on 4 · 4 or 8 · 8 subdomains; and mesh 256 · 256
decomposed on 8 · 8 subdomains. For each of these cases,
we consider three diﬀerent amounts of overlap d = 0, d = 1,
or d = 2. An overlap of d = 0 indicates one layer of overlapping nodes, i.e., the interface nodes, while d = 1 or 2
correspond to three or ﬁve layers of overlapping nodes,
respectively. The coarse space is based on partition of unity
with one degree of variables per subdomains [9,25–27]. We
consider the additive preconditioner P(1) of (5). We show
results using right preconditioning. In the ﬁgures we plot
the either Euclidean norm or the G-norm the residual using
the two strategies: using the right GMRES with G-norm
minimization (plotted with (*)) and using the standard
right GMRES with Euclidean norm minimization (plotted
with ()). In all cases our tolerance for the relative residual
norm is e = 108. Recall that the right GMRES with Gnorm minimization is equivalent to the left GMRES with
A-norm minimization; see Proposition 5.1.
We present in Figs. 1–3 representative runs for the
Helmholtz equation, and in Figs. 4–6 representative runs
2

100
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10–2

10

0

Relative l2–norm residual

Relative G–norm residual

(A) The Helmholtz equation where we take bT = [0, 0],
and two diﬀerent values k = 5 and k = 120, the
latter being indeﬁnite.

(B) The implicit one-step time discretization of an advection–diﬀusion equation, where bT = [10, 20], k = 1,
and upwind discretization is used.
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Fig. 1. Problem A. Helmholtz equation with k = 5. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 64 · 64 grid,
4 · 4 subdomains, d = 0. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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Fig. 2. Problem A. Helmholtz equation with k = 120. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 128 · 128
grid, 8 · 8 subdomains, d = 1. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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Fig. 3. Problem A. Helmholtz equation with k = 120. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 256 · 256
grid, 8 · 8 subdomains, d = 0. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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Fig. 4. Problem B. Advection–diﬀusion equation. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 64 · 64 grid,
4 · 4 subdomains, d = 0. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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Fig. 5. Problem B. Advection–diﬀusion equation. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 128 · 128 grid,
4 · 4 subdomains, d = 2. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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Fig. 6. Problem B. Advection–diﬀusion equation. Relative residual norms for GMRES minimizing the l2 norm (s), and the G-norm (*). 256 · 256 grid,
8 · 8 subdomains, d = 0. Left: residuals measured in the G-norm. Right: residuals measured in the l2 norm.
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for the advection–diﬀusion equation. In each ﬁgure, we
show the same problem solved with the standard AS/
GMRES minimizing the Euclidean norm, and with the
method minimizing the G-norm. We present the same
results in two diﬀerent graphs, one, on the left, measuring
the two residuals rRm and rGm in the G-norm, and the second,
on the right, measuring them in the Euclidean norm. It can
be appreciated from these ﬁgures that, as expected,
krGm kG 6 krRm kG (left plots), and that krRm k2 6 krGm k2 (right
plots). It can also been clearly seen how asymptotically
the two sequences of residual norms are very close to each
other, and that the asymptotic regime begins well before
the method reaches the desired tolerance.
Remark 7.1. Depending on the problem, and especially if a
low tolerance desired, it may turn out to be less expensive
to reach the desired tolerance in the energy norm than in
the l2 norm. In addition, the energy norm may be more
meaningful. We call the reader’s attention to Fig. 6 where
kM 1 rAm kA falls below 104 after 22 iterations, while it takes
40 iterations for kM 1 rLm k2 to fall below the same tolerance.
Thus, in this case the additional cost of one matrix–vector
product with the SPD matrix A per step is more than offset
by the savings in number of iterations.
We report in Tables 1 and 2 results on runs with the
usual AS/GMRES (l2 norm minimization) with the two
cases of the Helmholtz problem considered here, and in
Table 3 with the advection–diﬀusion problem already
mentioned. We show the number of iterations to reach a
relative residual norm below 108 for all the meshes
described, and three diﬀerent levels of overlap. In the

tables, n stands for the number of points in one side of
the mesh, and nsub, in parenthesis, the numbers of subdomains in each side of the square considered.
As it can be appreciated in these tables, while the number of iterations is not constant across each row, i.e.,
for each preconditioner considered, they do not grow
unbounded; indeed they only about double when the value
of h is reduced by a factor of four, i.e., when the cell size is
reduced by a factor of 16.
8. Conclusion
We make the case, both theoretically and experimentally, that the two-level additive Schwarz preconditioning
is asymptotically optimal when combined with a minimal
residual iterative method such as GMRES. The key here
is that the methods are optimal when the minimal residual
iterative method uses the same energy norm as that used to
derive the optimal Schwarz bounds, and the asymptotic
optimality of the usual method (minimizing the Euclidean
norm) is obtained as a consequence. We also developed
an equivalence between left and right preconditioned
methods.
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