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1. MODEL FOR THE VIBRANT STRING

Suppose that a perfectly elastic string is attached at two end points on the x-axis,
x = 0and x = ¢, and its equilibrium position is the segment [0, {]. A tension T acts
at the end points of the string to maintain the equilibrium position. Let us pluck
the string at ¢ = 0 so that the initial shape of the string is given by a function f(x)
and we give at the same time at the point (x, f(x)) an initial velocity g(x). We let
the time run and then the shape of the string changes with the time t. Let us then

denote by y(x, t) the y-coordinate of the string at x and time . We will show that
1
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y(x, t) satisfies a second order pde. Suppose the density of the string is uniform,
that is, the mass of a section Ax of the string is u Ax, with u > 0 a constant. We
will deduce the equation of the string by using Newton’s second law. Consider
a small interval [x,x + Ax] on the x-axis and the corresponding piece of string
on that interval. Let T be the tension force acting at the extreme (x, y(x, t)) of the
string, and let T” be the tension acting at the extreme (x + Ax, y(x + Ax, t)). Let 0
be the angle that the tension force T makes with the positive horizontal direction,
and let 0" be the angle that T" makes with the positive horizontal direction. We
then have that T = (|T|cos 6, |T|sin8), and T” = (|T’| cos @', |T’| sin 6’). We assume
that the tensions are tangential at the end points of the segment x, x + Ax. Since
we assume no motion of the string in the horizontal direction, the tensions T, T”
have constant opposite components in the horizontal direction. That is, we have
—|T|cos O = [T"|cos 0" = Ty =constant. Notice that this implies that the tension at
the end points of the string is then Ty. Since Ax is very small then T ~ —T". The net
vertical force acting on the piece of string from x to x+Axis then |T| sin 6+|T"| sin 0".
From Newton’s second law, the sum of the acting forces in the vertical direction
equals mass times the acceleration of the string at y(x, t) in the vertical direction.
Since the mass of the string from x to x + Ax is y Ax, we get

o gy . ’y
IT’| sin 0" + |T| sin 0 ~ u Ax ﬁ(x, t).
Dividing by T yields

y

(tan @’ — tan 0) = Ax —(x t).

or?
On the other hand, since the tensions are tangential to y(x, t) (t fixed), we have

%Y (v + Ax, ). Theref
g(x+ x,t). Therefore

tan6 ~ 2 (x ), and tan @ ~
an N&xx' ,and tan 0’ ~
dy Iy 2’y
a(x + Ax, t) - g(x, t) ~ Ax ﬁ(x, t)
Therefore

Ax —(x t) = 8t2 (x t);

that is, we obtain the equation

oy » Py . /To
(1.1) e (x t) =1 e 55 (1), withov= F’
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v denotes the speed of propagation in the string and the formula for v was dis-
covered by Vincenzo Galilei in the 1500’s, talented musician and father of Galileo
Galilei, see https://en.wikipedia.org/wiki/Vincenzo_Galilei.
2. SOLUTION OF THE WAVE EQUATION IN DIMENSION ONE
The wave operator is given by
Ou = uy — A u
here u = u(x,t), x € R", t > 0, and c is a constant. A problem to solve is
Ou =0, in R" x (0, +00)
u(x,0) = f(x)
ui(x,0) = g(x).
Suppose n = 1 and write
Ot — C*0yy = (95 — €0y) (9; + ¢3y) -
Then solve
@y +cd)u=v
(@ —cdy)v=0.
Using for example the method of solving 1st order pdes, we get that
v(x, t) = p(x +ct),

with ¢ an arbitrary function. Next solve (J; + cdy) u = ¢(x + ct). Let us replace ¢
by v, so we solve the first order pde

Cly + Uy = P(x + cy),

with the initial condition u(x, 0) = f(x). So the characteristic equations of this pde
are

X =g, =1, z=a¢(x+cy),
with x(0,s) = s; ¥(0,s) = 0;z(0,s) = f(s). So we obtain

x(t,s) = ct +s, y(t,s) =t, z(t,s) = fo P(s + 2cn)dn + f(s).

Inverting, we gett = y and s = x — cy and so

Y
u(x, v) = 20y, % - cy) = f(x - cy) + f $(x - cy + 2en) .


https://en.wikipedia.org/wiki/Vincenzo_Galilei
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Returning to the original variables, i.e., replacing y by t we get

t t
u(x,t) = f(x—ct) + f O(x —ct +2cn)dn = f(x —ct) + % f P(x + cz) dz
0 -t
We now impose the boundary condition u;(x, 0) = g(x). We have

u(x, t) = —c f'(x —ct) + % (qb(x +ct) + P(x — ct)) ,

so u(x,0) = —c f'(x) + ¢(x) = g(x), and so P(x) = g(x) + cf’(x) and we therefore
obtain the d’Lambert formula

flx+ct)+ flx—ct) 1 et

(2.1) u(x, t) = 5 o

valid for f € C*(R) and g € C'(R). Notice that since x represents position and
t time, then c represents position/time, that is, c is a velocity; the velocity of
propagation. From (L.I), we see that if the tension T is very large, then the
velocity v increases, as well as if the density u of the string is small, then v also is
large.

3. METHOD OF THE SPHERICAL AVERAGES

Suppose h is a continuous function in R”, for r € R let

(3.2) My(x,r) = a)i LH h(x +ré)do(&),

where w, is the surface area of the unit sphere in R". The function M}, is defined
in R" X R, and M (x, —r) = M(x, 7). If r > 0, then changing variables we get

My(x,1) = f o).
x—yl=r
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If h € CK(R"), then M, € CK(R"*'). Let us calculate d,M,(x, r):

o.My (x,1) = (9 (f h(x +ré) dG(E))
Wy [&l=1
= f th] (x + r&)&ido(&) = f Dh(x +r&) - Edo(&)
1&1=1 [E1=1

:’; jl; i (1=2) dota)

= f Ah(n)dn by the divergence theorem
[n—x|<r

1-n

- h de=" A d
— fmmﬂa =1 fmgA((HE)) :
7,.1—n
— . i
“ (LI hx + ©) 5)
1n
- Ax( f ﬁ . 1h<x+pa>do(adp)

1 nA ( n 1Mh(x/p)dp)

= : P AMy(x, p) dp.
Hence
"19.My(x, 1) = f(; f p”_leMh(x, p)dp,
and differentiating with respect to r yields
J; (r”_18rMh(x, r)) =" AMy(x, 1),

which can be re-written as

(3.3) (afr L0 Qr)Mh(x, 1) = AM;(x, 7).

This is called Darboux’s equation, and we showed it is satisfied for x € R" and
r € Rand for any & € C3(R"). In addition

M (x,0) = h(x), and d,M,(x,0) =0

where the last identity follows since Mj,(x, r) is even in r.
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4. SOLUTION OF THE WAVE EQUATION WITH THE METHOD OF THE SPHERICAL AVERAGES

This method is due to Poisson. Suppose u = u(x, t) is a C* solution to Ou = 0 in
R" X (0, +00) with the boundary conditions u(x,0) = f(x) and u:(x,0) = g(x). Let
us take the spherical averages of u, that is, let

M, (x,1,t) = S Ll_l u(x +ré, t)ydo(&).

Wy,

Then M, (x, 1, t) satisfies (3.3) in x and r for each t. Let us calculate A,M,(x, 1, t):

AM,(x,1,t) = iAxf u(x+ré, t)ydo(&) = if Au(x +rE, t)do(&)
|El=1 |El=1

Wy, Wy,

-2
= | u+rE, Hdo(E) = My, 1, 8).
Wn Jig=1

Then from we get that
(4.4) IMu,1,1) = & (3 + 220 M),

for each x € R" and for all r € R and t > 0. In addition, from the boundary
conditions on u we get

M, (x,1,0) = M¢(x, 1), IM,(x,1,0) = Mg(x, 7).
4.1. Solution when n = 3. In this case equation becomes
M, (x,1,t) = (8rr + %&)Mu(x, rt),
and multiplying this equation by r we get that
o (rM,) = ¢ (rd,M,, + 29,M,)) = ¢*9,, (rM,,)

that is, rM, satisfies the one dimensional wave equation in the variables —co < r <
oo and t > 0 for each x € R3. In addition,

rM,(x,1,0) = rM¢(x, 1), dr (rM,(x,1,0)) = rMg(x, 7).

Therefore from d’Lambert formula

r+ct)Ms(x,r +ct) + (r — ct)M«(x, 7 — ct Tt
rMu(x,r,t)z( VA )2( MMA )+21c EMg(x, &) dE.
t

r—C

Now the function M((x, &) is even in & and the function EM,(x, &) is odd in ¢, so

r+ct r—ct r+ct r+ct
EMM@%=[ +f =f ,
—r+ct —r+ct r—ct r—ct
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and we obtain

r+ ct)Ms(x,r +ct) — (ct = r)M(x,ct —r cttr
Mu(x,r,t):( VA )27( VA )+2icr EM,(x, &) dE = A+B.

ct—

We have
lri_r)rolB = tM(x, ct).
If we set w(s) = (ct + s)My(x, ct + s), then
w(r) —w(=r) _ w(r) —w(0) N w(—r) — w(0)
2r - 2r —2r
Therefore we obtain the formula

A=

— w'(0) = 9, (t M¢(x, ct)).

(45)  u(x, ) = tMy(x, ct) + ; (¢ M(x, ct))

1 2 ( 1
" anct fly_ﬂ:a W) daly) + §(4nczt fl; . f() da(y))-

If on the other hand f € C3(R®) and ¢ € C*(R®) then it follows by direct
calculation that the function defined by satisfies Ou = 0 in IR® X (0, +0) and
the boundary conditions u(x,0) = f(x) and u(x,0) = g(x). Notice also that from
Darboux equation when n = 3, both functions tM(x, ct) and 0, (t My (x, ct))
that appear in satisfy the 3-d wave equation taking r = ct (they satisfy the
wave equation for all x € R” and —oco < t < o0). In fact, let us verify that tM,(x, ct)
is a solution. We only need to notice that dy (tMg(x, ct)) = 2c(d:My)(x, ct) +

c? t (QuM,)(x, ct) is equal to 9, (c r M, (x, r)) when r = ct. Now from forn=3
we obtain d,, (c r Mg(x, r)) = crAcMg(x, r) and the claim follows
Since w3 = 4, from equation (4.5) it follows differentiating under the integral

sign the following formula due to Kirchhoff:
1
46w = [ [80)+ )+ DA (v - 9] dotw)
et [x—yl=ct

4.2. Solution when n = 2. Let f_(xl,xz, x3) = f(x1,x2) and 3(x1, X2, x3) = g(x1,Xx2).
Applying formula (4.5) we get

1 _ 1 _
4A11c2t ﬁ—ylzct 8(]/) d(f(y) + at (47TC2t ]|;_y|=ct f(y) dG(y)) .

'We remark that the function u in the first indentity in (4.5) is a solution to the wave equation

(4.7) i(x1, X2, X3, t) =

for all x € R"” and —oco < t < oo (this will be used later on to solve Maxwell equations). As it was
indicated before for r < 0, the average M,(x,r) = M(x, —r) extended as an even function to the
whole line.
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Now

f (y)do(y) = 2 f (x4 ctz)do(z)
[x=yl=ct

|z|=1

=P f g(xq + ctzy, x2 + ctzp) do(z)
z%+z§+z§:1

=202 f g(x1 + ctzy, X, + ctzy) do(z)
z%+zz+z§:1;2320

2
1 .
= 20%#? f g(x1 + ctz1, xp + ctzp) ——=dz1dz,, usmgﬂ
247351 1— Zi. _ Z%

1
~2a [ $(&1, &) dg1ds,
(E1-11)2+H(E—x P2 V2 — (&1 = 11)2 = (&2 — )2

and a similar expression for f . Since the right hand side of {.7) does not depend
of x3, we then get that the solution to Du = 0 in R? X (0, +0) is given by

1 1
u(X,x,t)z—f (EIE) dédé
YT JeaprpeanS Y PG G

1 1
ra |2 f £, AEds |
t(ch e Ty p T, R

4.3. Solution of the non homogeneous equation. We solve Ou = f in R"” X
(=00, +00) with u(x,0) = 0 and u;(x,0) = 0. For each s € R fixed, let U(x, t, s) be the
solution to OU = 0 forx € R", —o0 < t < cowith U(x,s,s) = 0and U,(x, s, s) = f(x,s)
for x € R". Notice this is possible from the footnote on page [/} Define

u(x, t) = f: U(x,t,s)ds.

Let us show u is the desired solution. We have

t t
us(x, t) = U(x, t,t) + f Ui(x, t,s)ds = f Ui(x, t,s)ds.
0 0

2f x3 = ¢(x1,x) and a surface S = {(x1,x2,P(x1,x2)) : (x1,x%2) € D}, then
J fler, x2,x3) o, x2,x3) = [} f(x1, %2, Px1, %)) A1 + (9, (a1, X2)) + (9, P(x1, X2))? dxrdd.
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Also

¢
uy(x,t) = Uy(x, t,t) + f Uy(x, t,s)ds
0
t
:f(x,t)+c2f AU(x, t,s)ds
0

= f(x,t) + A, (ft U(x, t,s) ds) = f(x, t) + A Acu(x, t).
0

Therefore we have proved that the equation u; — c?Au = Fin R" X (—o0, 00), with
u(x,0) = f(x), uy(x,0) = g(x) has a solution that is unique.

We can write also an integral formula for the solution of the non homogenous
problem whenn = 3. Let V(x,t,s) = U(x,t+s,s). ThenOV = 0forx € R"and t > 0
and V(x,0,s) = U(x,s,s) = 0 and Vy(x,0,s) = f(x,s). From the Kirchhoff formula
(n = 3) we have

1
Vix,t,s) = f ,s)do(y).
()= g | S doty)
So
1
U(x,t,s)=V(x,t—s,8) = —————— ,8)do(y); t>s.
k=Y =59 = s [ i
Therefore
! 1 |
u(x,t) = Vix,t—s,s)ds = f—f ,s)do(y) ds
= [ Vet-sgas= oo [ [ f )
LA - roydotdr
= Tre - i Yy, oy
1 [y t—(x~-yl/c)
4.8 = — dy.
=8 e flﬂ -y Y

5. MAXWELL'S EQUATIONS

The electromagnetic field (EM) is a physical field produced by electrically charged
objects. It extends indefinitely throughout space and describes the electromag-
netic interaction. It is one of the four fundamental forces of nature (the others
are gravitation, the weak interaction, and the strong interaction). The field prop-
agates by electromagnetic radiation; in order of increasing energy (decreasing
wavelength) electromagnetic radiation comprises: radio waves, microwaves, in-
frared, visible light, ultraviolet, X-rays, and gamma rays. The field (EM) can be
viewed as the combination of an electric field E and a magnetic field H, that is,
these are three-dimensional vector fields that have a value defined at every point
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of space and time: E = E(x,t) and H = H(x, t), where x represents a point in 3-d
space x = (x,¥,z). The electric field is produced by stationary charges, and the
magnetic field by moving charges (currents); these two are often described as the
sources of the field. The way in which E and H interact is described by Maxwell’s

equations:
(M.1) V-E= eﬂ’ Gauss’s law
0
(M.2) V-H=0, Gauss’slaw for magnetism
(M.3) VXE= _88_1;1, Faraday’s law
JE X ,
(M.4) VX H = o) + €opo > Ampere-Maxwell’s law.
Here
V = (dx,dy,0:) the gradient
p = p(x,t) charge density
€0 permittivity of free space
J=J(x,1) current density vector
o permeability of free space

We have c = 1/ \/éotio, the speed of light in vacuum.
We notice that the constant ¢y appears in Coulomb’s law: if 4; and g are charges
located at the points P; and P respectively, then the force felt at P is given by

1 pP,-P
i€y i |P; — P]’

FP) = 5

where = 8.854 x 10° N m?/coulomb®. The value of the permeability of free

TEY
space is o = 41 X 107" N/Ampere*. Since 1 Amp=1 coulomb/sec, we have ¢ =

V8.854 x 108m/sec ~ 3 x 10°km /sec.
Assuming no currents, J = 0, and no charges, p = 0, Maxwell’s equations have

the form
(5.1) V-E=0,
(5.2) V-H=0,

JH
(5.3) VXE= T
(54) VXH= €0[J()a—E.

ot
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These are all together a system of eight partial differential equations of the first
order.

5.1. Maxwell’s equations written in an equivalent way. In general, when the
electric permittivity € = €e(x, y,z) and the magnetic permeability u = u(x,y,z),
Maxwell’s equations are written introducing the vectors

(5.5) D = electric displacement vector

(5.6) B = magnetic flux density vector,

in the following way

JB
(57) VXE = _W
JdD
(58) VXH_W-FJ’

together with the so-called constitutive relations

(5.9) D=¢cE
(5.10) B=uH.
In the most general case, the functions i and € are 3 X 3 matrices. In many cases,

J = 0E, where o is a constant called the electric conductivity. In addition, the
tields D and B satisfy V-D = pand V-B = 0; here p is as before the charge density.

6. SOLUTION TO THE MAXWELL EQUATIONS

6.1. If E and H solve Maxwell then E and H solve the wave equation. We
show that each component of the magnetic and electric field satisfy the scalar
wave equation assuming the fields have second derivatives in all variables. Re-
call the following formula from vector analysis. For a vector A = A(x,y,z) =
(A1(x,y,2), Ax(x, v,2), As(x, y,2)) € C?, we have:

(6.1) VX(VXA)=V(V-A)-(V-V)A.
Denote V - V = V2, the Laplacian, and so
V2A =

PA,  PA 82A1)i+(82A2 A, 82A2),+(8ZA3 PA;  PA;

oz dy? "oz oz ay? "oz oz ay? "oz k.
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Suppose the fields E and H satisfy Maxwell’s equations and let us see what kind
of non homogeneous wave equations these yield. From (M.3) and (M.4) we get

d d 0’E
V X (V X E) = —E(V X H) = —[.10&—1 — €0H0ﬁ.

Then from (6.1
dJ P
V(V-E)-V’E = ~Hoz, ~ Goyoﬁ,

so from (M.1) we obtain that E satisfies the non homogeneous wave equation

J’E d
(6.2) €ofo 57 = VE — }108—{ — V(p/eo).
Similarly we get for H that
J*H
(63) GQ‘UQﬁ = VZH + ‘U.QV X J

That is, we proved that if E and H are C? and satisfy the Maxwell equations (M.1),
(M.2), (M.3), and (M.4), then E and H solve the non homogeneous wave equations

and (6.3), respectively.

6.2. Case when € is variable. We will use here the formulation from Subsection
Suppose the magnetic permeability u is constant and e(x, y,z) > 0 is a scalar
function. Since V-D = V- (e E) = p, we have (Ve)-E+€V-E = p, and consequently

ve=L_Ye g
€ €
Taking the curl of (5.7), using and the vector identity (6.1I), we obtain the
equation
2 J°E dJ

V(V-E)-V E:—yeﬁ—‘ug.
Of course, if € is constant this is the non homogeneous wave equation. Otherwise,
we obtain that the field E satisfies the equation

’E __, Ve P dJ

. : . Ve
which is more complicated than the wave equation because of the term V (? . E)

If € changes abruptly in the neighborhood of a point then the term % gets
very large or infinity. This is the typical case when one has a dielectric that
has two different refractive indexes in two adjacent regions. On the separating
surface between the regions the gradient of € becomes infinite. A very interesting
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qualitative analysis of equation (6.4) can be found in the very interesting book by
D. Marcuse [Mar82, pp. 9-11].

6.3. Solution of the initial value problem for Maxwell equations. Let us now
prove the converse. We seek for E and H satisfying (M.1), (M.2), (M.3), and (M.4),
with the initial conditions

(6.5) E(x,0) = Ey(x), and H(x, 0) = Hy(x).
We first observe that from (M.1) and (M.4) (p independent of t) we get that

(6.6) V-J(x,t) =0, for all x and ¢.
In addition, from (M.1) and (M.2)
(6.7) V- Ey(x) = p(x)/ep; and V - Hy(x) = 0.

So Ey, Hy, and J must satisfy these compatibilities conditions at the outset. Also
(M.4) leads to the condition

68 72 (x,0) = &V x Hofx) = ~J(x,0),
ot €p
and (M.3) leads to the condition
JH
(6.9) W(x, 0) = -V X Ey(x).

So let E be the solution of the non homogenous wave equation with initial conditions
and (6.8); and let H be the solution of the non homogenous wave equation
with initial conditions and (from Section [4.3|these solutions are defined for all
—00 < t < 00). We claim E and H solve the Maxwell equations (M.1)), (M.2)), (M.3), and
(M.4).

First, let us verity (M.1). Let v(x,t) = V - E(x,t) — p(x)/eo. We claim that v = 0.
We have from that v(x,0) = 0. Also %(X, 0)=V- ?9_];:()(’ 0) = 0 from and

2 2

(6.6). We also have %(x, t)—c*V20(x, t) = V-((;—tf(x, t) — c?VZE(x, t)) +c*V3(p/eg) =
19(V-))
€0 ot

V- (__ _ z—VP) + C2V2(p/€0) = = 0 from (6.6).

€0 ot 60[.10

Second, let us verify (M.4). LetM = aa—f —c*VxH+c* o), where ¢ = 1/(eo o). We

show that M satisties the homogeneous wave equation with zero boundary con-
ditions and therefore is zero. Indeed, since E and H satisfy the non homogeneous
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wave equation, we have

M

FT VM
2 °H 2
- %aa_t]; — AV X ao”tz iy “Ogtg V> (aa—]f) +c*'V2 (VX H) = c*ugV?J

— ——— — AV X (VPH) =tV x (V X J)

G\, PG
CHGR T e ot

+c ‘uo% — V2 ((Z—f) +c*'V2(V x H) = ¢*pV?J
= —c*V x (V?H) = c*oV X (V X J) + ¢*V2(V X H) — c*,oV?]
= —c*V x (V’H) + ¢*V*(V x H) from and
=cH{V2(VxH) -V x (V?H)} =0

where the last identity follows using formula applied twice. In fact, from
applied with A = V x H we get

Vx (VX (VxH)=VV-(VxH)-V*VxH)=-V¥VxH)
since the divergence of the curl is zero. On the other hand, by
Vx(VxH)=V(V-H) -VH
SO
VX (VX (VxH)=Vx(V(V-H) - VH) = -V x (V?H)
V x V¢ = 0 for any ¢. Let us verify the boundary conditions. We have M(x,0) =
aa—]ta(x, 0) — ¢*V x H(x, 0) + c*1ioJ (x,0) = 0 from (6.8). Als
J°E 5 JH , d]
TR0 = 22 0) - AV x (5) (%,0) + 1102 (x,0)
272 2, 9) 2
= cV'E(x,0) - ¢ HOE(X, 0) —c*V(p/eo)(x)

+c*V x (V X Eg(x)) + czyog(x, 0) from and
= (*V2Eq(x) — ¢®V(p/eo) + ¢ (V(V - Eg(x)) — V?Eo(x)) by
= 0by (6.7).

3We are using in this calculation that the field E(x, t) satisfies the wave equation in IR® x {0}.
This is true in view of the footnote on page [/ and Section since the equation is satisfied in
R3 X (=00, 0).
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JH
To verify Faraday’s law (M.3), we set M = 5t V X E and proceed like in the

second case.
Finally, to verify (M.4) we set v(x,t) = V - H(x, t) and proceed like in the first
case.

Therefore from the Kirchhoff formula and from formula we obtain
explicit formulas for E and H in terms of E; and Hy.

6.4. Plane waves. Let s be a unit vector. Any solution to the wave equation
1
—dV =V,
v

of the form V(x,t) = F(x - s,t) is called a plane wave, since at each time ¢, V is
constant on each plane of the form x - s=constant. That is, for each ¢ the vector
V(x,t) is the same on each plane x - s=constant. The plane wave propagates in

A% )
the direction s. If we set F = F(n,t), then ﬁ(x, t) = Fy(x - s,t) sf, i=1,2,3,
X2
1

and therefore V?V(x,t) = F,(x - s,t). Hence the function F(1, t) satisfies the one
dimensional wave equation
1
ﬁafp =Fy
and therefore the solution V has the form
V(x,t) = Vi(x-s —ovt) + Vo(x-s + vt)

where V;, V, are arbitrary functions.

Suppose that E and H satisfy Maxwell equations (M.3), with J = 0. Since
the fields E and H both satisfy the wave equation, it is then natural to consider
the case when

E(x,t) =e(x-s—vt), H(x,t)=h(x-s—1t),

that is, e and h are vector valued functions of the scalar variable x - s — vt with

1
V= . We have
VEolo
8_E =-ve,and VXE=sx¢’;
ot

and similarly for H under the assumption that J = 0. Thus, from the Faraday and
Ampere laws we obtain the equations

sxe =vh’

’

sxh’:—le.
v
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Since s is a constant vector s X e’ = (s X e)’, and so functions e and h satisfy the
system of odes

(sxe) =vh’

’r _ 1 ’
(sxh) = Ue.

1
By integration, we get that s X h = -3 e+ ¢, and s X e = vh + ¢, with ¢; constant
vectors. Using the vector identity a X (b X c) =b(a-c) —c(a-b), we get that

1
s(s-e)=vc; +8 X, s(s-h):—5c2+s><c1.
If we choose the vectors ¢; and ¢, satisfying

vep+sXc =0
(6.10) 1
—5c2+s><c1:0

we then get s - e = s - h = 0; obviously choosing ¢; = ¢; = 0 we have a solution to
the system. Nevertheless, the system with coefficients in terms of s and v
has determinant equal to (=1 + s7 + s3 + s3)* which is zero since s is a unit vector.
Therefore there are other choices for ¢; and ¢, solving . With ¢; and ¢; solving

(6.10) we get then that
1
h = E(SXe)—sXcl
e =—-0(s Xh)—-sXc.

Consequently, taking constants of integration ¢; equal zero (which amounts to ne-
glect constant fields), we obtain the very important equations relating the electric
and magnetic fields

(6.11) E = —u(s X H)
(6.12) H= %(s X E).

This shows that s - E = s - H = 0, that means, the electric and magnetic field
are always perpendicular to the direction of propagation s. In addition, E- H =
—-v(sxH)-H = 0, thatis, E and H are always perpendicular. We also obtain taking
absolute values that

E| = o[H].
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7. HELMHOLTZ EQUATION

Suppose we have the wave equation uy = ¢* Au in all space R" and t € R. If

u(x,t) = a(x) b(t), then
» Aa(x) _ b7()

a(x) b(t)’

Aa(x)  b"(t)

a(x)  b(t)
b”’(t) — ab(t) = 0and

therefore ¢? = a, with @ a complex constant. So we get two equations

Aa(x) — f—za(x) =0.

The last equation is called the Helmholtz equation or reduced wave equation.
The solutions of the equation in b have the form b(t) = Ae™! + Be*! where a; are
the roots of the polynomial 72 — a = 0.

A typical case consider in the applications is when u(x,t) = a(x)e'“!, @ > 0.
This represents in this case an electric or magnetic monochromatic field with
angular frequency w, and amplitude a(x). In this case, we obtain that a satisfies

the Helmholtz equation
2

Aa(x) + CZ—Z a(x) = 0.

If for example the amplitude has the form a(x) = aoe'**, with 4y constant and k

@
a constant vector in R", then a solves the Helmholtz equation iff |k| = . All

together u(x,t) = aoe®*? is a plane wave, that is, for each fixed time ¢, u is
constant on each plane k - x + @ t =constant.
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