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Part I. Do three of these problems.

I.1 Let GG be a group. Assume that GG is generated by two subgroups, N and A, such that A is
abelian and N is finite and normal in G. Show that the center Z(G) has finite index in G.

I.2 Let R be a unique factorization domain and let P be a nonzero prime ideal of k. Show that
the following are equivalent:

(i) there is no prime ideal Q with 0 & Q & P;

(ii) P is principal, that is, P = Rx for some z € R.

I.3 LetV = R", where n is a positive integer, and let v € V be such that v - v = 2, where - is
the ordinary dot product.

(a) Show that, defining s(x) = z — (x - v)v for x € V, one obtains a linear transformation
s = s, € Endg(V) satisfying s?> = Idy and rank(s — Idy) = 1.

(b) Assume that ¢ € Endg(V) satisfies t(v) = —wv, t induces the identity on V//Ruv, and the
composite f = s ot satisfies f = Idy for some positive integer m. Show that { = s.

I.4 Let R be a commutative ring. Recall that an element € R is said to be nilpotent if r™ = 0
for some integer n > 0. Prove that:

(a) The set N = {all nilpotent elements of R} is an ideal of R that is contained in every prime
ideal of R.

(b) A polynomial f = rg + rz + --- 4 r4z? € Rlz] is nilpotent if and only if all coefficients
r; € R are nilpotent.



Part II. Do two of these problems.
II.1 Let F}, be the group freely generated by symbols a4, ..., a, and let B,, be the group with
the presentation
Bn = <0’17 oy | ‘ 0,05 = 0405 if ’Z —]| > 1, 0;0;4+10; = 0,410,041 \V/Z>

Prove that the formulas

aiaiﬂa;l if ] =1
U(o;)(aj) =< a; if j=i+1
a; otherwise

define a group homomorphism ¥ : B, — Aut(F,), where Aut(F;,) denotes the automorphism
group of F,,. Prove that, for every 1 < i < n — 1, the automorphism ¥(o;) has an infinite order.

II.2 Let f(x) € F[z] be a (non-constant) polynomial, where F' is any field. Define the discrimi-
nant ¢ of f(x) and prove that 6 € F.

IL.3 (a) Let p(z) be a cubic irreducible polynomial in Q[z], § be its discriminant and G be its
Galois group. Prove that G is isomorphic to Aj if and only if § = ¢? for some ¢ € Q. Prove that,
otherwise, G = Ss.

(b) Let p(z) € Q[z] be an irreducible polynomial with at least one real root and at least one
complex root with a non-zero imaginary part. Prove that the Galois group of p(x) is non-Abelian.



