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MATRIX FUNCTIONS PRESERVING SETS
OF GENERALIZED NONNEGATIVE MATRICES*

ABED ELHASHASH' AND DANIEL B. SZYLD?

Abstract. Matrix functions preserving several sets of generalized nonnegative matrices are
characterized. These sets are PFn, the set of n X n real eventually positive matrices; and WPFn,
the set of matrices A € R™*"™ such that A and its transpose have the Perron-Frobenius property.
Necessary and sufficient conditions for a matrix function to preserve the set of n X n real eventually
nonnegative matrices and the set of n X n real exponentially nonnegative matrices are also presented.
In particular, it is shown that if f(0) # 0 and f/(0) # O for some entire function f, then such an entire
function does not preserve the set of n x n real eventually nonnegative matrices. It is also shown that
the only complex polynomials that preserve the set of n X n real exponentially nonnegative matrices
are p(z) = az + b where a,b € R and a > 0.

Key words. Matrix functions, generalization of nonnegative matrices, eventually nonnegative
matrices, eventually positive matrices, exponentially nonnegative matrices, eventually exponentially
nonnegative matrices, Perron-Frobenius property, strong Perron-Frobenius property.
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1. Introduction. Several authors have studied the problem of characterizing
matrix functions preserving nonnegative matrices. Micchelli and Willoughby [15] pre-
sented a characterization of matrix functions preserving a certain subset of nonnega-
tive matrices, namely, the set of nonnegative symmetric positive semidefinite matrices.
Bharali and Holtz [3] presented characterizations of matrix functions preserving cer-
tain structured nonnegative matrices (block triangular and circulant matrices). In
this paper, we study matrix functions preserving sets of generalized nonnegative ma-
trices such as the set of real n x n eventually nonnegative matrices, the set of real
n X n eventually positive matrices, the set of real n X n exponentially nonnegative
matrices, and WPFn. We define these sets and their corresponding matrices below.

We say that a rectangular matrix A is nonnegative (respectively, positive) if all
its entries are nonnegative (respectively, positive), which is symbolically denoted by
A > 0 (respectively, A > 0). In particular, this nomenclature and notation hold for
(column) vectors. We call a real n x n matrix A eventually nonnegative (respectively,
eventually positive) if there is a nonnegative integer ko such that A* > 0 (respectively,
A¥ > 0) for all integers k > ko. Matrix functions preserving the set of real n x n
eventually positive matrices are studied and completely characterized in Section 2
whereas those preserving the set of real n x n eventually nonnegative matrices are
studied in Section 4, where separate necessary and sufficient conditions are presented.

A matrix A € R™"*" which is positive, nonnegative, nonnilpotent eventually non-
negative, or eventually positive satisfies the property Av = p(A)v where v is a non-
negative nonzero vector and p(A) is the spectral radius of A4, i.e., A has a nonnegative
(right) eigenvector whose corresponding eigenvalue is the spectral radius of A; see,
e.g., [2], [6], [9], [12], [13], [16], [19], [21]. The latter property satisfied by such a matrix
A is known as the Perron-Frobenius property and the eigenvector v is known as the
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(right) Perron-Frobenius eigenvector of A. If in addition to this property the (right)
Perron-Frobenius eigenvector v is positive and the spectral radius of A is a simple
eigenvalue and the only eigenvalue of maximum modulus then we say that A has the
strong Perron-Frobenius property. It is known that positive matrices and eventually
positive matrices possess the strong Perron-Frobenius property; see, e.g., [2], [12],
[16], [19], [21]. We denote the transpose of a matrix A (respectively, a vector v) by
AT (respectively, vT). If the matrix AT has the Perron-Frobenius property then its
right Perron-Frobenius eigenvector is called a left Perron-Frobenius eigenvector of A.

We define now two other sets of matrices considered in this paper; in sections 2
and 3. We denote by WPFn the set of matrices A € R"*" such that A and AT possess
the Perron-Frobenius property. Similarly, we denote by PFn the set of matrices
A € R"*" such that A and AT possess the strong Perron-Frobenius property. It has
been shown that

PFn = {Eventually Positive Matrices in R"*"}
C {Nonnilpotent eventually nonnegative matrices in R"*"}
C WPFn,

where all the containments between sets in this statement are proper; see [6].

In addition to the three sets already mentioned, we consider in Section 5 the
sets of exponentially nonnegative and eventually exponentially nonnegative matrices
in R™*™ as yet other generalizations of nonnegative matrices. A matrix A € R"*" is
said to be exponentially nonnegative if the matrix

tA ot
et = EA
i=0
is nonnegative for all real scalars ¢ > 0 and is said to be eventually exponentially
nonnegative if the matrix e’ is nonnegative for all real scalars t > t, for some real
scalar ty > 0. For these matrices, we only consider the case of n > 3, and leave the
case n = 2 for a combinatorial study; see our comments in Section 6.

In the rest of this introduction, we review some definitions and properties of
matrix functions. For further details, see, e.g., [7], [8], [10], [14]. If A is a matrix in
C™*™ we denote by J(A) the Jordan canonical form of A, i.e., for some nonsingular
matrix V € C"*™ we have the Jordan decomposition A = V.J(A)V ! where J(A) =
diag(Jr, (A1), -, Ik, (Am)), each Jg, (A;) is an elementary Jordan block corresponding
to an eigenvalue \; of size k;, and the \;’s are not necessarily distinct. Moreover, for
any A € C we denote the null space of A — AT by E)\(A). The spectrum of a matrix
A is denoted by o(A). Let f be a complex-valued function holomorphic on an open
connected set 2 C C that contains the spectrum of A and let I' be a closed rectifiable
curve in ) winding around all the eigenvalues of A only once. We extend f to a
matrix function and we define the matrix f(A) as follows.

14) = 5= [ 11— A e,

where the integral is taken entry-wise, i.e., the (I, j)-entry of the matrix f(A) is
7 [ f(2)e] (2 — A)~'e;dz with ¢, and e; being the lth and jth canonical vectors
of C", respectively. In the following lemma, we summarize some properties of matrix

functions.
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LEMMA 1.1. Let A € C™™™ and let f be a holomorphic function defined on
an open connected set Q@ C C that contains the spectrum of A. Then, the following
statements hold.

() S = V[ ) G- aA) | v = Vi)
(i) FOI(A) = diag(f(Je (M) f( Tk, (),
fO0) ) e e
(i) fUO) = | O SO T
. . . f/()\l)
0 0 f(n)
(i) f(AT) = F(A)
(v)  Ex(A) C  Ern(f(4)),

Moreover, f(A) = q(A) where q(z) is the Hermite polynomial (see, e.g., [10], [11],
[14]) that interpolates f and its derivatives at the eigenvalues of A. Furthermore, if
f has a power series

(1.1) f(z) = Zakzk
k=0

that converges for |z| < R and p(A) < R then f(A) = ZakAk.
k=0

2. Matrix functions preserving PFn. In this section, we completely charac-
terize matrix functions preserving the set of real n x n eventually positive matrices,
PFn. For n = 1, these functions are simply functions f which are holomorphic on an
open set {2 C C containing the positive real axis and which have the property that
f(2) is a positive scalar whenever z is a positive scalar. For n > 2, we present our
main result in Theorem 2.5 below, but we begin first with some preliminary results.
The following lemma is a well-known property; see, e.g., [4, Theorem 26], [9].

LEMMA 2.1. Let A and p be two distinct eigenvalues of a matriz A € R™ ™. Let
v € R™ be a right eigenvector corresponding to A and w € R™ be a left eigenvector
corresponding to u, then v and w are orthogonal.

LEMMA 2.2. Let f be an entire function that preserves PFn. Then, for all
matrices A € PFn whenever A € 0(A), A # p(A) we have f(X) # f(p(4)).

Proof. Pick A € 0(A), A # p(A) and suppose to the contrary that f(A) = f(p(4)).
We consider here two cases: case (i) f(A) = f(p(A)) = p(f(A)) and case (ii) f(A) =
f(p(A)) # p(f(A)). Suppose case (i) is true. Since p(A) and A are distinct eigenvalues
of A and by Lemma 1.1 (v), it follows that E,s(a))(f(A)) contains two linearly
independent eigenvectors. But since f(A) € PFn we have E,tay)(f(A)) must be
one-dimensional. Thus, case (i) leads to a contradiction. If case (ii) is true then
by Lemma 1.1 (V) Ep(A)(A) - Ef(p(A))(f(A)) = Ef()\)(f(A)) Hence, Ef()\)(f(A))
must contain a positive right eigenvector v corresponding to f(\). Moreover, f(A)
being in PFn must have a positive left eigenvector w corresponding to p(f(A)). By
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Lemma 2.1, v and w must be orthogonal, a contradiction since both v and w are
positive. Therefore, f(\) # f(p(4)).0

COROLLARY 2.3. Let f be an entire function that preserves PFn. Then, for all
matrices A € PFn whenever \ € o(A), A # p(A) we have |f(N)| < |f(p(4))].

Proof. Suppose to the contrary that there is a A € o(A), A # p(A4) such that
[f(N)] > |f(p(A))]. We may choose A in such a way that |f(\)] > |f(u)| for all
w € o(A) satisfying pn # p(A) and |f(u)| > |f(p(A))|. Since f(A) € PFn, it fol-
lows that |f(A)| = f(A) = p(f(A)) > 0. Hence, f(A) has a positive left eigenvector
w corresponding to f(A). Moreover, by Lemma 1.1 (v), E,ay(A) C Ef(,ay)(f(A4)).
Hence, f(A) has a right positive eigenvector corresponding to f(p(A4)). By Lemma 2.2,
fA) # f(p(A)). Thus, by Lemma 2.1, v and w are orthogonal, which is a contradic-
tion. Therefore, |f(A)] < |f(p(A))]. D

COROLLARY 2.4. Let f be an entire function that preserves PFn. Then, for all
A€ PFn, f(p(A)) = p(f(1)).

In what follows, we characterize matrix functions that preserve PFn when n > 2.
The case n = 1 is trivial. A function f, which is holomorphic on an open set in C
that contains the positive reals, preserves PF1 if and only if f(0,00) C (0, 00).

THEOREM 2.5. Let f be an entire function. Then, f preserves PFn (n > 2)
if and only if f(0,00) C (0,00); the restriction of f to positive reals, denoted by
flio,00) is increasing; and if n = 2 (respectively, n > 3) | f(2)| < f(|z]) for all z € R
(respectively, for all z € C).

Proof. We prove this theorem first for n = 2. Let A be a matrix in PF2 with
eigenvalues counted with multiplicity A;, Ao and let A = VJ(A)V ! be the Jordan
decomposition of A. Since A is in PF2, it follows that Ay = |A1] > |A2|. Moreover,
Ao must be real since non-real eigenvalues of a real matrix occur in pairs. Hence,

B A O 1
(2.1) A—V{O )\Q]V
with A\; = |A1| > |A2] and A1, A2 € R. For any function f holomorphic on a domain
containing A; and Ay and by Lemma 1.1 parts (i) — (iii), we have:

_v| fGa) 0 1
e =y [ 0 N
Now, let f be any holomorphic function on a domain that contains the real line.
If f preserves PF2 and A is any matrix in PF2 then A has the form (2.1) with
A1 = A1 > |A2] and A, A2 € R and f(A) has the form (2.2). By Corollary 2.4,
fA1) = |f(\)] > |f(A2)]. Since A; could be an arbitrary positive real satisfying
A1 > |A2], A2 € R while A still being in PF2, it follows that f maps positive reals to
positive reals. Moreover, by choosing arbitrary A; > A2 > 0 in form (2.1) we still get a
matrix A in PF2 for which f(A1) > f(A2). Thus, f[(,) is increasing. Furthermore,
let s be a real scalar. If s > 0 then f(s) > 0, and thus, |f(s)| < f(|s|). On the
other hand, if s < 0 then let Ay = |s| + € for some positive scalar € and let Ay = s.
For the latter choice of A\; and A2, a matrix A in form (2.1) is in PF2 and its image
f(A) in form (2.2) is also in PF2, and therefore, f must satisfy |f(A\2)| < f(A1), or
equivalently, | f(s)| < f(|s| + €). Since € was an arbitrary positive scalar and by the
continuity of f, it follows that |f(s)| < f(|s|). Hence, we prove sufficiency. As for the
necessity, it is straightforward.
For n > 3, a matrix A in PFn would have a Jordan decomposition of the form

[ I VR I
AV[O B}V
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where B = diag (Jiy(A2)s Tk (A3), -« -, Ji,, (An)) and Ay = [Aq] > [Aa] > -+ > |A\,]. We
note that for n > 3 (unlike the case when n = 2) the eigenvalues Ao, ..., A, may be
nonreal. If f is any entire function, the matrix f(A) is given by:

and from this point on the proof proceeds in a very similar manner to the case when
n=2.10

3. Matrix functions preserving WPFn. A holomorphic function f defined
on nonnegative reals preserves WPF1 if and only if f([0, 00)) C [0, 00). Also, by using
proof techniques similar to those used in the proof of Theorem 2.5, one could easily
show that a holomorphic function f defined on nonnegative reals preserves WPF2 if
and only if | f(z)| < f(y) whenever x and y are real numbers satisfying |z| < y. In the
following theorem, we consider the nontrivial case and characterize entire functions
preserving WPFn (n > 3).

THEOREM 3.1. Let f be an entire function. Then, |f(2)| < f(|z|) for all z € C
if and only if f preserves WPFn (n > 3).

Proof. Suppose that f is an entire function such that |f(z)] < f(|z|) for all
z € C and let A be a matrix in WPFn. Consider the closed disc in the complex
plane centered at the origin of radius equal to p(A). Applying the maximum modulus
principle to that closed disc, we obtain

maz {[f(2)| : |2| < p(A)} = mazx {|f(2)] = |z[ = p(A)}.

Thus, if A is any eigenvalue of A then

[F < maz {[f(2)] = |2 = p(A)} < maz {f(|2]) = |2 = p(A)} = [(p(A)).

Since the eigenvalues of f(A) are the images under f of the eigenvalues of A, it
follows that the spectral radius of f(A) is in fact f(p(A4)). Furthermore, if v a right
(respectively, a left) Perron-Frobenius eigenvector of A then it is a right (respectively,
a left) Perron-Frobenius eigenvector of f(A), and hence, f(A) is in WPFn. Therefore,
f preserves WPFn.

Conversely, suppose that f is an entire function that preserves WPFn. Let ¢; be a

positive vector in R™ of unit length. Extend ¢; to an orthonormal basis {q1, g2, ..., ¢n}
of R™ and construct the orthogonal matrix Q = [¢1 g2+ -+ ¢n]. Let ¢t be a nonnegative
b
scalar, let a,b € R be such that va?2 + b2 = ¢, and let C = { _Z a } Construct a
real n x n matrix M as follows:
teCo®---aC if n is odd
—_————
n-1 copies

totjleCo---®dC ifniseven
—_——

n-2 copies



6 Abed Elhashash and Daniel B. Szyld

Consider matrices A in WPFn of the form A = QMQ”. Then, we have

QllfefC)o---af(O)) QT if n is odd

-1 s
n-l copies

QlIfO@[fO]e f(C)o---@ f(C)| QT ifn is even

—92 :
n>2 copies

Note that the spectrum of C' is {a + ib,a — ib} and that the spectrum of A is {t,a +
ib,a — ib}. Moreover, note that each of the columns of @ other than the first column
g1 must have a positive entry and a negative entry because the first column ¢ is
positive and it is orthogonal to the remaining columns. Since f preserves WPFn and
since ¢ is the only column of ) that does not have two entries with opposite signs,
it follows that f(¢) is the spectral radius of f(A). Thus, |f(a +ib)| < f(¢). But, the
scalars a,b, and ¢t were arbitrary scalars satisfying v/a? + b2 = t. Hence, the entire
function f must satisfy the inequality |f(2)| < f(]z]) for all z € C. O

COROLLARY 3.2. If f is an entire function such that f*)(0) > 0 for all k > 0
then f preserves WPFn.

Proof. Since f is an entire function, it can be written as a power series as in (1.1).

(k)
Moreover, aj = ! k'(O) > 0 for all k > 0 because f(k)(O) > 0 for all £k > 0. Thus,

2)| < Zak|z|k f(|z]) for all z € C. Therefore, by Theorem 3.1, f preserves

WPFn. EI

The proof of the following theorem is very similar to that of Theorem 3.1, and
thus, will be omitted.

THEOREM 3.3. Let f be an entire function. Then, |f(2)| < f(|z|) for all z € C
if and only if f preserves the set of nonnilpotent matrices in WPFn (n > 3).

4. Necessary and sufficient conditions for a matrix function to pre-
serve the set of real n x n eventually nonnegative matrices. In this section we
consider matrix functions that preserve the set of real n x n eventually nonnegative
matrices. In separate results, we give necessary conditions and sufficient conditions.
We also attempt to answer the question of when do functions that preserve the even-
tual nonnegativity of matrices of a certain order preserve it for matrices of lower or
higher orders.

We begin with results corresponding to sufficient conditions.

THEOREM 4.1. If f is an entire function such that f(0) = 0 and f*)(0) > 0 for
k=1,2,..., then f preserves the set of real eventually nonnegative matrices of order
n forn=1,2,....

Proof. Suppose that f is an entire function satisfying the hypothesis of this
theorem. Then f has a power series expansion given by (1.1) for all z € C. Let A be
any real eventually nonnegative matrix of order n. Then, for any positive integer m
we have

N m
sy = (St = g (S
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N m
Using the multinomial theorem to expand the expression (Z ap AF > , one obtains
k=1
a polynomial in the matrix A of the form Y ¢z A* where all the coefficients c; are
nonnegative and k > m. Thus, if kg is the smallest positive integer such that A* >0
for all k > kg, then

N m
<Z akAk> >0 forall m > k.
k=1

And hence, (f(A))™ >0 for all m > ko. O

We note here that the converse of Theorem 4.1 is not true. For example, the entire
function f(z) = 1 preserves the set of real eventually nonnegative matrices of order n
forn = 1,2,... yet f(0) # 0. On the other hand, the requirement that f(0) = 0 in
Theorem 4.1 may not be dropped as we show in Remark 4.3 below. We begin with
the following lemma.

LEMMA 4.2. Let a and (8 be two complex scalars such that o # 0 and let i and
J be two distinct integers in the set {1,2,...,n}. Then, the n X n matriz ol + ,Beie;f
is real eventually nonnegative if and only if « is a real positive scalar and B is a real
nonnegative scalar.

Proof. Suppose that the matrix ol + ﬁeiejT is real eventually nonnegative. Then,
there exists kg such that (aI + ﬁeie;‘r)m > 0 for all m > kg, or equivalently, for all
m > kg we have

- m k_ m—k T\F m m—1 T
Z(k>ﬁa (eiej) =ao™I +ma«a B eiej > 0.
k=0

Thus, o™ > 0 for all m > ky. Since « is a nonzero complex scalar it follows that « is a
real positive scalar. Similarly, since ma™ '3 > 0 for m > ko we conclude that 3 > 0.
Conversely, if @ > 0 and 8 > 0 then clearly the matrix af + ﬁeie;fp is nonnegative and
thus real eventually nonnegative. O

We point out here that it may not be concluded from Lemma 4.2 that an even-
tually nonnegative triangular matrix with a positive diagonal must necessarily be

2 2 -1
nonnegative. For example, consider the upper triangular matrix A= | 0 2 2
0 0 2

Since A% and A® are nonnegative matrices, it follows that A*¥ > 0 for & > 2 yet matrix
A has a negative entry.

REMARK 4.3. The requirement in Theorem 4.1 that f(0) = 0 may not be dropped.
For example, if we consider the entire function f(z) = e* then

dk

= @[ezﬂzzozeﬂz:o:eo:lz() for k=1,2,3,...,

r®0)
but £(0) = 1 # 0. Applying the function f to the nilpotent matriz —eiel that has -1
in the (1,2)-entry and zeroes everywhere else, one obtains f(—ejel) = I—ejed, which
s not eventually nonnegative by Lemma 4.2.
We consider now results on necessary conditions.
THEOREM 4.4. If f is an entire function that preserves real eventually nonnega-
tive matrices of order n then f([0,00)) C [0, 00).
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Proof. Suppose that f is an entire function that preserves real eventually nonneg-
ative matrices of order n and suppose that the power series expansion of f is given by
(1.1) for all z € C. Let t be a nonnegative scalar then f(¢/) must be a real eventually
nonnegative matrix. But

f(tI) = iaktklk = (i aktk> I=ft)I.
k=0 k=0

This latter matrix is real eventually nonnegative if and only if f(¢) is real and non-
negative. Hence, f(]0,00)) C [0,00). O

THEOREM 4.5. Let f be an entire function that preserves the set of real eventually
nonnegative matrices of order n. If f(t) # 0 for some real scalar t > 0 then f(t) >0
and f'(t) > 0. Furthermore, if f(0) # 0 then f(0) > 0 and f'(0) = 0.

Proof. Let t be a nonnegative scalar such that f(¢) # 0 and let (1.1) be the power
series expansion of f about 0. Consider the nonnegative matrix tI + ejed of order n.
We claim that

(4.1) fI4+ered) = f(t) T+ f'(t) erel.

To see this, note that the scalar ¢ is either zero or positive. If ¢ = 0 then using the
fact that (e;el)* is the zero matrix for all k > 2 we get:

o0

f(tI 4 erel) = f(ered) = Zak(eleg)k =ag I +ay eres = f(0) I+ f'(0) ered.
k=0

Similarly, if ¢ is a positive scalar then the matrix f(tI + ejel) is given by:

fr+ eleg) = Zak (tI + elezT)k = Zak (tkl—i— ktk_leleg)
k=0 k=0

= (i aktk> I+ <i kaktk1> eres = f(t) I+ f'(t) eres.
k=0

k=0

Thus, for any ¢ > 0 satisfying the hypothesis of this theorem, the matrix f(¢tI +ejel)
is equal to f(t) I + f'(t) erel. Since f preserves real n x n eventually nonnegative
matrices and since f(t) # 0, it follows that the matrix f(tI+ejel) = f(t) I+f'(t) ered
must be real eventually nonnegative and by Lemma 4.2 we must have f(t) > 0 and
f'(t) = 0. In particular, when ¢t = 0, we have f(0) > 0 and we claim that f/(0) =0
in this case. To prove this claim, consider the nilpotent matrix v e;ed where v is any
real scalar. Since f preserves real n X n eventually nonnegative matrices, it follows
that the matrix f(7y erel) = ag I+va; erel must be real and eventually nonnegative.
Since ag = f(0) > 0, it follows from Lemma 4.2 that ya; > 0. But v is an arbitrary
real scalar. Hence, a; = f/(0)=0. 0

THEOREM 4.6. If f is an entire function that preserves the set of real eventually
nonnegative matrices of order n and f'(0) # 0 then f(0) = 0.

Proof. Let f be an entire function satisfying the hypotheses of this theorem and
suppose to the contrary that f(0) # 0. We will construct a matrix A € R™*" such
that A is nilpotent (and thus, eventually nonnegative) yet f(A) is not eventually

nonnegative. Consider the unit vector v; = [%,O, -0, —% in R™ and extend
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the set {v1} to an orthonormal basis {vy,vs,...,v,} of R™. Build the real orthogonal
matrix Q = [v; va -+ v,] and construct the real matrix A = Q.J,,(0)Q”, where J,,(0)
is the elementary Jordan block of order n corresponding to the complex number 0.
Clearly, A¥ =0 for all k£ > n and thus A is eventually nonnegative. Moreover,

f0) ) - 20
FA) = QFLO)QT =@ | O fO T T

L ()

0 e 0 £(0)

Since f(0) # 0, it follows that f(A) must be a nonnilpotent eventually nonnegative
matrix in R” and thus f(A) € WPFn. The eigenspace of f(A) corresponding to the
only eigenvalue f(0), Ety(f(A)), is one dimensional because f’(0) # 0. Therefore,
any eigenvector corresponding to the eigenvalue f(0) must be a nonzero scalar multiple
of v1, which is a vector that has a positive entry and a negative entry. But this means
that f(A) does not have a Perron-Frobenius eigenvector, a contradiction. Hence,
£(0) #0.T

COROLLARY 4.7. If f is an entire function such that f(0) # 0 and f'(0) # 0
then f does not preserve the set of real n x n eventually nonnegative matrices.

REMARK 4.8. If an entire function f preserves the set of real n X n eventually
nonnegative matrices then it does not necessarily follow that its derivative f' does so.
For example, the function f(z) = e* — 1 preserves the set of n X n real eventually
nonnegative matrices by Theorem 4.1; however, its deriwative f'(z) = e* does not by
Remark 4.3.

PrOPOSITION 4.9. Let f be entire function. Then, f preserves the set of real
eventually nonnegative matrices of order n if and only if it preserves the set of real
eventually nonnegative matrices of order k for k=1,2,...,n.

Proof. Suppose that f is an entire function that preserves the set of real eventually
nonnegative matrices of order n. Consider the diagonal block matrix A € R™*" of
the form A = By @ Bs @ - - - ® B,,, where each of the diagonal blocks By, (1 < k <m)
is eventually nonnegative. One could easily see that in this case f(A) = f(B1) @
f(B2) ®--- @ f(By). Since f(A) is eventually nonnegative, it follows that f(Bx)
is eventually nonnegative (1 < k < m). By taking eventually nonnegative diagonal
blocks of various sizes, it easily follows that f preserves the set of real eventually
nonnegative matrices of order k for all k¥ < n. The converse is immediate. O

In the following theorem, we say that a matrix is reducible if it is permutation-
ally similar to a block triangular matrix where the diagonal blocks are square and
nonempty otherwise we call it irreducible. Moreover, the index of a matrix A is the
smallest nonnegative integer k such that rank A* = rank A**! where A° would stand
for the identity matrix, I. We note here that the index of a matrix is also known
as the index of zero of a matrix and it is the size of the largest singular elementary
Jordan block of a given matrix; see, e.g., [9], [14].

THEOREM 4.10. Let f be an entire function. If |f(z)] < f(|z]) for all z € C,
f(2) #0 forall z # 0, and f preserves the set of real eventually nonnegative matrices
of order n, then f preserves the set of real reducible eventually nonnegative matrices of
order n+1 of index not exceeding 1 and with positive Tight and left Perron-Frobenius
eigenvectors.

Proof. Let f be an entire function satisfying the hypotheses of this theorem
and let A be a real reducible eventually nonnegative matrix of order n + 1 with
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an index less than or equal to 1 and with positive right and left Perron-Frobenius
eigenvectors. Then, by [6, Proposition 3.11] the matrix A is permutationally similar
to a direct sum By @ -+ ® By, (m > 2) of irreducible eventually nonnegative matrices
By (1 < k < m) having the same spectral radius. Since f preserves the set of real
eventually nonnegative matrices of order n (and thus, of order k < n), it follows that
f(B1) ® - & f(By,) is real and eventually nonnegative. But f(B1) @ - & f(B,,) is
permutationally similar to f(A). Therefore, the matrix f(A) is real, reducible, and
eventually nonnegative. Furthermore, since f(A) # 0 for any nonzero eigenvalue A of
A and since the elementary Jordan blocks of f(A) are similar to the images of the
elementary Jordan blocks of A under f, it follows that the index of f(A) does not
exceed 1. Moreover, for any eigenvalue A of A and by the maximum modulus principle
and the properties of the function f we have

< maz {|f(2)] = |z] < p(A)} = maz {|f(2)] = [2[ = p(A)} = f(p(A)).

Therefore, p(f(A)) = f(p(A)). Since E,a)(A) € Eypa)(f(A)), it follows from
Lemma 1.1 parts (iv) and (v) that p(f(A)) has positive right and left Perron-Frobenius
eigenvectors. 0

5. Matrix functions preserving exponentially nonnegative matrices. In
order to characterize entire functions preserving exponentially nonnegative matrices,
we make use of the equivalence between these matrices, and essentially nonnegative
matrices, which follows, e.g., from [17, Lemma 3.1] or from [2, Ch. 6, Theorem 3.12].
A matrix A € R™*™ (n > 2) is said to be essentially nonnegative if all its off-diagonal
entries are nonnegative; see, e.g., [2], [9].

In this section we consider the case n > 3, and completely characterize complex
polynomials that preserve n x n exponentially nonnegative matrices (or equivalently,
essentially nonnegative matrices). We also give necessary and sufficient conditions for
an entire function (with some additional properties in some cases) to preserve the set
of n X n exponentially nonnegative matrices. We will use the following notation. For
an integer k, the matrix Oy, (respectively, I},) will denote the zero matrix (respectively,
the identity matrix) of order k if the integer k > 1 and the empty matrix if the integer
k<1

We begin our results by considering polynomials, and later in the section, we
discuss general entire functions.

PROPOSITION 5.1. The entire function f(z) = 2*™ (m = 1,2,...) does not
preserve the set of n X n exponentially nonnegative matrices for any integers n > 2.

Proof. Consider the matrix A given by:

0 1
(5.1) A= [ 0 -1 } @ On_2
Then, A is an n x n exponentially nonnegative matrix. Moreover, A2 = —A and thus
AP = —Aform =1,2,..., ie., the matrix A?™ has exactly one negative off-diagonal

entry, the (1,2)-entry. Hence, the entire function f(z) = 2?™ (m =1,2,...) does not
preserve the set of n X n exponentially nonnegative matrices for any n > 2 since
f(A) = A%™ is not exponentially nonnegative. O

PROPOSITION 5.2. The entire function f(z) = 2>™*! (m = 1,2,...) does not
preserve the set of n X n exponentially nonnegative matrices for all integers n > 3.
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Proof. Consider the matrix B given by:

-1 1 0
(5.2) B=| 1 -1 1 |&0,_3
0 1 -1

Then, B is an n X n exponentially nonnegative matrix and the Jordan decomposition
of B is given by B = V.JV ™! where

-1 1 1 -1 0 0
V=| 0 V2 V2 |&l,5 J=| 0 -1-V2 0 @ Op—3,
1 1 1 0 0 142
L2 0 2
and Vi=|= 1 —v2 1 &I, 3.
4 1 V2 1

Thus, for any positive integer k the matrix B¥ is given by B*¥ = V.J*V~1. Note that
the (1, 3)-entry of B* is 3 (2= 1)1 + (=1 v2)" + (=14 v2)"). Tn particular, if
the positive integer k is an odd positive integer of the form 2m+1 where m = 1,2, ...
then the (1,3)-entry of the matrix B*™+1 is

(e (-9 (9

3 (e (™ ()
:i 2-2 Z < 2mj+1 > (\/5>2m+1—j 0.

0< odd integer j <2m+1

where the last equality follows from the fact that (—\/5) =y + (\@) ey 0
if j is even. Hence, the (1,3)-entry of the matrix B?"*! is negative for all integers
m > 1. Therefore, the entire function f(z) = 22™*1 (m =1,2,...) does not preserve
the set of n x n exponentially nonnegative matrices for any n > 3 since f(B) = B*m*1
is not exponentially nonnegative. O

REMARK 5.3. If f(z) is an entire function as in (1.1) that preserves the set
of n X n exponentially nonnegative matrices then it must map the n x n elementary
Jordan block of 0 to an exponentially nonnegative matriz, i.e., the matrix

ap ar -+ Ap-—1
0 ao
f(Jn(0)) =
: a4
0O --- 0 ao
has nonnegative off-diagonal entries. Thus, ai,...,a,_1 must be nonnegative and

hence real. In the following lemma, we show that all the ay’s must be real.
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LEMMA 5.4. Let f(2) be an entire function as in (1.1). If f preserves the set of
n X n exponentially nonnegative matrices (n > 2) then all the coefficients ay, are real.

F®(0) : (k)
T k=0,1,2,..., it suffices to show that f(*)(0) € R for

all nonnegative integers k. We prove a stronger condition, namely, the condition that

for all nonnegative integers k the k" derivative f(*)(t) € R for all t € R. The proof is

by induction on k. When k = 0 we have to prove that f(¢) is a real scalar whenever ¢

is a real scalar. Since f preserves exponentially nonnegative matrices, it follows that
[o. ]

Proof. Since ay =

the matrix f(tI) = Z (aktkf ) = f(¢)I is an exponentially nonnegative matrix for all
k=0

t € R. Hence, f(t) € R for all ¢ € R. Suppose now that for all nonnegative integers

m such that 0 < m < k — 1 the m*? derivative f(™)(t) € R for all t € R. Let ¢ be any

fixed real scalar and let A complex scalar variable. Since f is an entire function, the

(k=1 (¢ 4 p) — F=D(¢
limit of the quotient ! (t+h)—f (t)

as the complex scalar variable h — 0

h
exists and is equal to f*) (t). In particular, by letting h approach 0 along the real axis
FED @+ h) = 6D

the quotient approaches a limit which is a real number since

the numerator and the denominator are real. By the uniqueness of the limit, the k"
derivative f*)(¢) must be real. Hence, f*)(t) € R for all ¢t € R and all nonnegative
integers k. O

THEOREM 5.5. If p(2) = apz® +ap_12*"1 + -+ ag is any complex polynomial
of degree k > 2 then p(z) does not preserve the set of n X n exponentially nonnegative
matrices (n > 3).

Proof. Suppose to the contrary that p(z) does preserve the set of n x n exponen-
tially nonnegative matrices. Then, by Lemma 5.4 all the coefficients a; (0 < j < k)
must be real. Since the degree of the polynomial p(z) is k, it follows that ap # 0.
There are two cases: case (1) ar > 0 and case (2) ar < 0. If case (1) holds, i.e.,
ar > 0, then we have two subcases: subcase (i) k is even and subcase (ii) k is
odd. Suppose that subcase (i) holds, i.e., k is even. Then, let ¢t be a nonnega-
tive scalar variable and consider the exponentially nonnegative matrix tA where A
is given by (5.1). Note that A¥ = —A because k is an even positive integer. Hence,
if we consider the limit of the (1,2)-entry of the matrix p(tA) as t — oo we see
that lim o eTp(tA)es = lim; o axtFel AFey = limy oo —artFel Aes = —o0, ie.,
the (1,2)-entry, which is an off-diagonal entry, of the matrix p(tA) is negative for all
real scalars ¢ sufficiently large, a contradiction. Suppose subcase (ii) holds, i.e., k
is odd. Then, let ¢t be a nonnegative scalar variable and consider the exponentially
nonnegative matrix ¢tB where B is given by (5.2). Then by an argument similar to
that presented in subcase (i) we conclude that for all ¢ sufficiently large the (1,3)-
entry, which is an off-diagonal entry, of the matrix p(¢B) is negative, a contradiction.
Suppose that case (2) holds, i.e., ar < 0. Then, let ¢ be a nonnegative scalar variable
and consider the exponentially nonnegative matrix tC' where C' = I +e;ed". Note that
Ck = I +keyel. The sign of the (1,2)-entry of the matrix p(tC) is determined by the
(1,2)-entry of the matrix apt*C* = axt*(I + kejel’) for all ¢ sufficiently large. Hence,
for all ¢ sufficiently large the (1,2)-entry, which is an off-diagonal entry, of the matrix
p(tC) is negative, a contradiction. Therefore, p(z) does not preserve the set of n x n
exponentially nonnegative matrices (n > 3). 0

THEOREM 5.6. A complex polynomial p(z) preserves the set of nxn exponentially
nonnegative matrices (n > 3) if and only if p(z) = az + b where a,b € R and a > 0.
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Proof. 1If p(z) is a polynomial preserving the set of n x n exponentially nonnegative
matrices (n > 3), then it follows from Theorem 5.5 that the degree of p(z) can
not exceed 1. Hence, p(z) = az + b. Moreover, by Lemma 5.4 we have a,b € R.
Furthermore, if a < 0 then p(M) = aM + bl will have negative off-diagonal entries
for any positive matrix M. Thus, a > 0. The converse is immediate. O

This completes our characterization of polynomial preserving exponentially non-
negative matrices. We next analyze the possible entire functions preserving these
matrices having power series with infinite number of nonzero coefficient in its power
series expansion.

THEOREM 5.7. Let f(z) be an entire function as in (1.1) such that a; = 0 and
ay, is real for all nonnegative integers k. If the sequence {ay}re has infinitely many
nonzero terms then f does not preserve the set of n X n exponentially nonnegative
matrices (n > 3).

Proof. Suppose to the contrary that the function f preserves the set of n x n
exponentially nonnegative matrices (n > 3). Then, there are three cases: case (1)
the sequence {ay},—, has infinitely many positive terms and infinitely many negative
terms, case (2) the sequence {ay};-, has infinitely many positive terms and finitely
many negative terms, and case (3) the sequence {ay};-, has finitely many positive
terms and infinitely many negative terms. Suppose with the hope of getting a con-
tradiction that case (1) is true. Then, due to the absolute convergence of the power
series of the entire function f, we may rearrange its terms to get the following.

oo oo oo
f(z) = Zakzk =ag + Zbkzk + Z crz®,
k=0 k=r k=m

where by <0 (k=r,r+1,r+2,..), 06, <0, ¢t >0 (k=mm+1m+2,...),
and ¢, > 0 for some distinct positive integers r and m. If r < m then let ¢ be a
nonnegative scalar variable and consider the exponentially nonnegative matrix tM
where M is a positive matrix. Then, if we consider the limit of the (1,2)-entry of
the matrix ¢t " f(tM) as t — 0% we see that lim,_o+ t "ef f(tM)ey = b.eT M"ey < 0,
i.e., the (1,2)-entry, which is an off-diagonal entry, of the matrix f(¢tM) is negative
for all positive scalars t sufficiently small, a contradiction. Thus, r > m. Here we
have two subcases: subcase (i) m is an even positive integer and subcase (i) m is
an odd positive integer. Suppose subcase (i) is true, i.e., m is even. Then, let ¢ be
a nonnegative scalar variable and consider the exponentially nonnegative matrix tA
where A is the matrix given by (5.1). Note that A7 = —A for all even positive integers
j. If we consider the limit of the (1,2)-entry of the matrix ¢t~ f(tA) as t — 07 and
use the hypothesis that m is even we get lim, o+ t el f(tA)es = cpel AMey < 0,
i.e., the (1,2)-entry, which is an off-diagonal entry, of the matrix f(tA) is negative
for all positive scalars ¢ sufficiently small, a contradiction. Thus, subcase (ii) must
hold, i.e., m is odd. Then, either m = 1 or m is an odd positive integer greater
than 1. If m = 1 then ¢; > 0, i.e., the coefficient of z in the power series of f is
positive. But the latter statement means that a; = ¢; > 0, a contradiction. Hence,
m is an odd positive integer greater than 1. Then, let ¢t be a nonnegative scalar
variable and consider the exponentially nonnegative matrix tB where B is the matrix
given by (5.2). We note here that in the proof of Theorem 5.5, we showed that the
(1,3)-entry of the matrix B’ is negative for any odd positive integer j > 1. If we
consider the limit of the (1, 3)-entry of the matrix =™ f(tB) as t — 07 and use the
hypothesis that m is odd we see that lim;_,o+ t~™el f(tB)es = cpef BMey < 0, ie.,
the (1,3)-entry, which is an off-diagonal entry, of the matrix f(¢B) is negative for all
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positive scalars ¢ sufficiently small, a contradiction. Therefore, case (1) leads to a
contradiction. Similarly, cases (2) and (3) lead to contradictions. Hence, f does not
preserve the set of exponentially nonnegative matrices of order n (n > 3). O

REMARK 5.8. The requirement that a; = 0 in Theorem 5.7 may not be dropped.
Consider, e.g., the entire function

- 1
f(z)=¢€"= Z arz®,  where aj = i
k=0

for all nonnegative integers k. If D is any exponentially nonnegative matriz of order
n (n > 1) then we can write D = C — sI for some nonnegative matrix C' and some
real scalar s > 0. Using the fact that the matrices C and —sI commute, we get
f(D)=eP =eC3l = el =e7%” > 0. Hence, f(z) = €* is an entire function
that preserves the set of exponentially nonnegative matrices of order n (n > 1) yet the
sequence {ak}ZOZQ has infinitely many nonzero terms.

COROLLARY 5.9. Let f be an entire function such that f'(0) = 0. Then, f
preserves the set of n X n exponentially nonnegative matrices (n > 3) if and only if f
is a constant real-valued function.

Proof. Let f(z) be an entire function as in (1.1) such that a; = f/(0) = 0. If
f preserves the set of n X n exponentially nonnegative matrices (n > 3) then by
Theorem 5.7 the sequence {ay}?2 , has only finitely many nonzero terms. Thus, f is
a polynomial and by Theorem 5.6 the entire function f is linear with real coefficients.
Hence, f(z) = ao+ a1z =ag € R for all z € C. The converse is immediate. O

The technique of proof for the following theorem is similar to that of Theorem 5.7
and thus the proof will be omitted.

THEOREM 5.10. Let f(z) be an entire function as in (1.1) such that ay, is real for
all nonnegative integers k. If a; < 0 or ax < 0 for all but finitely many nonnegative
integers k then f does not preserve the set of n xn exponentially nonnegative matrices
(n>3).

Combining the results from Theorem 5.7 through Theorem 5.10, we obtain the
following necessary condition on entire functions that preserve the set of n x n expo-
nentially nonnegative matrices (n > 3).

THEOREM 5.11. Let f(z) be an entire function as in (1.1). If f preserves the set
of n x n exponentially nonnegative matrices (n > 3) then either

(1) a1 =0 in which case f(z) = ag €R for all z € C

or
(2) a1 >0 in which case
(i) f(z) =ag+ arz for some ag € R
or
(ii) f(z) = Sopeyaxz® where all the ay’s are real, finitely many ax’s are
negative, and infinitely many of them are positive.

6. Conclusions and outlook. We were able to completely characterize ma-
trix functions preserving PFn and WPFn, and we gave separate necessary and suf-
ficient conditions for matrix functions to preserve eventually nonnegative matrices
and exponentially nonnegative matrices. There are of course other questions related
to matrix functions preserving generalized nonnegative matrices worth considering.
As already mentioned, the case of matrix functions preserving 2 x 2 exponentially
nonnegative matrices was not covered here. Another aspect of interest would con-
sider matrix functions that preserve generalized M-matrices such as GM-matrices
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(see [5]) or My -matrices (see [18]). In particular, it would be interesting to find ana-
logues in the case of generalized M-matrices and generalized nonnegative matrices
to the results by Varga , Bapat, Catral, and Neumann [1], [20] on matrix functions
taking M-matrices to nonnegative matrices or taking inverse M-matrices to inverse
M-matrices or nonnegative matrices.

[19]
[20]

(21]
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