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A NEW LOOK AT CMRH AND ITS RELATION TO GMRES∗

HASSANE SADOK† AND DANIEL B. SZYLD‡

Abstract. CMRH is a Krylov subspace method which uses the Hessenberg process to produce a
basis of a Krylov method, and minimizes a quasiresidual. This method produces convergence curves
which are very close to those of GMRES, but using fewer operations and storage. In this paper we
present new analysis which explains why CMRH has this good convergence behavior. Numerical
examples illustrate the new bounds.

1. Introduction. CMRH (Changing Minimal Residual method based on the
Hessenberg process), introduced in [9], is a Krylov subspace method for the solution
of n× n linear systems of the form

Ax = b.(1.1)

This iterative method uses the Hessenberg process to compute at the kth step, a basis
{ℓ1, ℓ2, . . . , ℓk} of the Krylov subspace

Kk = Kk(A, r0) = span{r0, Ar0, A
2r0, . . . , A

k−1r0},(1.2)

where r0 = b − Ax0, is the initial residual and x0 is the initial vector. Furthermore,
this basis is such that the matrix Lk = [ℓ1, ℓ2, . . . , ℓk] is unit lower triangular (which
some times is called trapezoidal); for more details on the Hessenberg process, see, e.g.,
[12, §§6.28–6.30]. The CMRH approximation to the solution of (1.1) at the kth step is
xc
k = x0+ zck, where z

c
k ∈ Kk is the solution of the following constrained minimization

problem

min
u∈Rk+1, z∈Kk(A,r0)

‖u‖, subject to Az = r0 + Lk+1u,(1.3)

and the norm ‖ · ‖ here and throughout the paper is the Euclidean norm. For more
details, see Section 3 and [9].

The CMRH method shares many of the computational properties of the well-
known GMRES method; see Section 2 and, e.g., [7, 8, 11] for details on GMRES.
Some of the properties shared by these two methods include the fact that the matrix
A is only needed as an operator for a matrix-vector product, that only one matrix-
vector product is needed at each iteration, and that it is easy to update the kth
approximation by solving a (small) (k+1)× k least squares problem. One advantage
of CMRH is that, at the k + 1st iteration, the matrix-vector product with A is Aℓk,
and since the first k − 1 entries of ℓk are zeros, this product can be implemented
without the need to access the first k columns of A, with possible savings in the
cost of this matrix-vector product, especially when the matrix is not so sparse. This
fact also allows for an implementation in which the first k columns of the matrix A
are used to store the basis vectors of Lk (in the case that A is full) [5]. We note
that overwriting the columns of A during an Hessenberg process is common when
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computing eigenvalues. The use of iterative methods, such as GMRES (or CMRH),
for the solution of dense problems can be very beneficial; see, e.g., [1] and some of the
experiments in Section 5.

In [5] it was shown that CMRH is indeed a valid alternative to GMRES for certain
situations. These include the cases where the matrix A is explicitly stored and are not
very sparse, e.g., those arising from the discretization of boundary element methods
or integral equations. Furthermore, it has been observed that in practice, CMRH
behaves very much like GMRES, in the sense that if GMRES exhibits superlinear
converges, so does CMRH for the same problem, and if GMRES stagnates, CMRH
does so as well. Furthermore, the convergence curves for the the two methods are
always very near each other (see Section 5 and [9]), and we note that CMRH can be
implemented with fewer operations per step than GMRES. We have found no case in
which CMRH suffer from instability. On the contrary, as shown in Section 5, there
are cases where the error of the approximate solution of GMRES starts to grow, while
the computed residual keeps decreasing. For the same example, no such behavior is
observed for CMRH: the behavior of the error reflects that of the computed residual.

In this paper we present some new analysis and perspectives of CMRH which
helps us understand why this method works so well. In particular, we explain why
the convergence behavior of CMRH is similar to that of GMRES. This is mostly done
in Section 4, where we present explicitly an upper triangular matrix Rk which gives
the change of basis between the Arnoldi basis and the Hessenberg basis of the Krylov
subspace. The same matrix is used to show that, except for a rank one matrix, the two
resulting upper Hessenberg matrices are spectrally equivalent. In fact, at termination,
the two matrices have the same eigenvalues. Furthermore, the ratio between the kth
CMRH residual and the kth GMRES residual is bounded by the condition number
of Rk. In Section 5 we present some numerical experiments illustrating our theoretical
observations.

Throughout the paper, unless otherwise noted, ‖x‖ refers to the Euclidean norm,
and 〈x, y〉 to the Euclidean inner product. By Ik we denote the k×k identity matrix,

with columns denoted e
(k)
1 , . . . , e

(k)
k . When the length of these vectors is clear from

the context, we drop the superscript.

2. The GMRES method. We review the GMRES method by considering first
a non-traditional approach to the Arnoldi basis. For the usual description of Arnoldi
and of GMRES see further below and also, e.g., [7, 8, 11]. Let

Kk = [r0, Ar0, A
2r0, . . . , A

k−1r0](2.1)

be the n × k Krylov matrix. It follows that Kk+1 = [r0, AKk]. Consider the QR
factorization of

Kk = VkR̃k,(2.2)

where Vk ∈ R
n×k is such that V T

k Vk = Ik, and R̃k is upper triangular. In other words,
the columns of Vk form an orthonormal basis of Kk.

We can then write

Kk+1





0

Ik



 = Vk+1R̃k+1





0

Ik



 = AKk = AVk R̃k.(2.3)
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Since R̃−1
k is also upper triangular, from (2.3) we can define the following (k+ 1)× k

upper Hessenberg matrix with the following relations

Hk+1,k = R̃k+1





01×k

Ik



 R̃−1
k = V H

k+1AVk =





Hk

vHk+1AVk



 =







Hk

hk+1,k

(

e
(k)
k

)T






,

and Hk ≡ V T
k AVk is a square upper Hessenberg matrix of order k representing a

restriction and projection of the operator A to Kk. Moreover we have the following
Arnoldi relation as

AVk = Vk+1Hk+1,k = Vk Hk + hk+1,k vk+1 e
T
k .(2.4)

The Arnoldi process to determine Vk begins with v1 = r0/‖r0‖, and at step
j + 1, Avj is orthogonalized with respect to v1, v2, . . . , vj , thus obtaining a vector
in the direction of the new vector vj+1. The orthogonal coefficients hji = 〈Avj , vi〉,
i = 1, . . . , j, are precisely the entries of the upper Hessenberg matrix Hk+1,k. The
entry hj+1,j is such that vj+1 thus has unit norm.

GMRES is a minimum residual method, and the approximation to the solution
of (1.1), xk ∈ x0 +Kk, is such that the norm of the residual rk = b−Axk is minimum
over all such vectors. In other words, we are looking for xk = x0 + zk, zk ∈ Kk, or
equivalently xk = x0+Vkyk, yk ∈ R

k which solve the following minimization problems

min
y∈Rk

‖b−A (x0 + Vky)‖ = min
y∈Rk

‖βe
(k+1)
1 −Hk+1,ky‖ =(2.5)

min
y∈Rk

‖r0 − AVky‖ = min
z∈Kk

‖r0 −Az‖ = min
z∈Kk

‖Az − r0‖,(2.6)

where β = ‖r0‖.
In practice, GMRES implementations are based on solving the small least squares

problem (2.5). We formulate now some other theoretical ways of interpreting the
GMRES approximating problem. If we write now v = Az − r0, we can see that the
minimization problem (2.6) is equivalent to the following constrained minimization
problem

min
v∈Rn, z∈Kk(r0,A)

‖v‖, subject to Az = r0 + v.(2.7)

Since v = Az − r0 ∈ Kk+1, we can write it as v = Vk+1w, with w ∈ R
k+1. Therefore

this problem is equivalent to

min
w∈Rk+1, z∈Kk(r0,A)

‖w‖, subject to Az = r0 + Vk+1w.(2.8)

3. The CMRH method. Our description of CMRH in this section parallels
that of GMRES in the previous section. We begin by considering the LU factorization
of the n× k Krylov matrix

Kk = LkUk,(3.1)

with Lk ∈ R
n×k lower unit triangular, and Uk upper triangular. As we did in (2.3),

we can now write

Kk+1





0

Ik



 = Lk+1Uk+1





0

Ik



 = AKk = ALk Uk,
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and similarly since U−1
k is upper triangular, we define the following (k+1)× k upper

Hessenberg matrix

H
(h)
k+1,k = Uk+1





01×k

Ik



U−1
k =







H
(h)
k

h
(h)
k+1,k

(

e
(k)
k

)T






,

withH
(h)
k being square upper Hessenberg matrix of order k. We also have the following

Hessenberg relation

ALk = Lk+1Uk+1





0

Ik



U−1
k

= Lk+1H
(h)
k+1,k = Lk H

(h)
k + h

(h)
k+1,k ℓk+1 e

T
k .(3.2)

Thus, the columns of Lk form a different (non-orthogonal) basis of Kk; see Section 4

for some identities with the upper Hessenberg matrix H
(h)
k .

The Hessenberg process consists of building iteratively the basis ℓ1, . . . , ℓk of Kk,
so that Lk is unit lower triangular. It begins appropriately by computing
ℓ1 = r0/α, with α = (r0)1, i.e., the first entry of r0. At each step j + 1, it proceeds
by computing w = Aℓj , and subtracting from it multiples of ℓ1, . . . , ℓj, to annihilate
the first j components of w. The resulting vector is then normalized so that the j+1

entry is one. The coefficients of these operations are precisely the entries ofH
(h)
k+1,k. In

this process, some needed coefficients may be zero (or small), in which case, pivoting
is needed. This is not problematic, since a corresponding nonzero is always available
after a permutation. It is not hard to see that the Hessenberg process takes many
fewer operations (about nk2 fewer in the full case) and less storage than the Arnoldi
process. For more details, see, e.g., [5], [9], or [12, §§6.28–6.30].

We can now define the CMRH method as the counterpart to GMRES, being
interpreted as computing the solution of the constrained minimization problem (2.8),
but now using the basis ofKk+1 provided from the Hessenberg process. Thus, formally,
the CMRH approximation xc

k is such that xc
k = x0 + zck, z

c
k ∈ Kk which solves the

following constrained problem

(1.3) min
u∈Rk+1, z∈Kk(A,r0)

‖u‖, subject to Az = r0 + Lk+1u.

Since the columns of Lk+1 are not orthogonal, we cannot write directly a counter-
part to (2.7), but if we denote by L†

k+1 the pseudoinverse of Lk+1, we can write a
formulation equivalent to (1.3) as follows

min
v∈Rn, z∈Kk(r0,A)

‖L†
k+1v‖, subject to Az = r0 + v;

in fact, any left inverse of Lk+1 will work here, but we use the pseudoinverse for
simplicity; though see further comments in Section 4. Thus, we can say equivalently
that the CMRH approximation is xk = x0 + zck, where zck solves

min
z∈Kk(r0,A)

‖L†
k+1(Az − r0)‖,
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i.e., it minimizes a quasiresidual. This is similar to the well-known QMR method [2].
Alternatively we can view this minimization, as a minimization of the residual using
a seminorm; see [5], [9].

In terms of implementation, we write z ∈ Kk as z = Lky, y ∈ R
k, so that the

CMRH approximation is xc = x0 + Lky
c
k, where yck solves

min
y∈Rk

‖L†
k+1(r0 −ALky)‖ = min

y∈Rk

‖L†
k+1(αLk+1e

(k+1)
1 − Lk+1H

(h)
k+1,ky)‖(3.3)

= min
y∈Rk

‖αe
(k+1)
1 −H

(h)
k+1,ky‖,(3.4)

and this is how CMRH is implemented, i.e., solving the small least squares prob-
lem (3.4), just as in GMRES, where (2.5) was solved; see [5], [9].

We point out that as is the case with QMR, CMRH is a non-optimal method since
the basis chosen for Kk is not orthogonal. Therefore the analysis and bounds in [10]
apply in particular to CMRH.

4. Relation between CMRH and GMRES. We begin the section with two
new results relating the upper Hessenberg matrices produced by the Arnoldi and
Hessenberg methods.

Let us define the k × k upper triangular matrix Rk = R̃kU
−1
k . We show below

that this upper triangular matrix is precisely the change of basis matrix that takes the
basis of the Arnoldi basis of the Krylov subspace into the Hessenberg basis. Indeed,
from (2.2) and (3.1) it follows directly that VkR̃k = LkUk, from where we can write

Lk = VkR̃kU
−1
k = VkRk,(4.1)

i.e., the QR factorization of Lk. We use these matrices to rewrite the Arnoldi rela-
tion (2.4) as

ALkR
−1
k = Lk+1R

−1
k+1Hk+1,k.

Comparing with (3.2) we obtain the following relation between the upper Hessenberg
matrices obtained with the Arnoldi process and the Hessenberg process.

Proposition 4.1. H
(h)
k+1,k = R−1

k+1Hk+1,kRk, or equivalently

Hk+1,k = Rk+1H
(h)
k+1,kR

−1
k .

Corollary 4.2. Let ρk ∈ R
k be the vector containing the first k components of

the k + 1st column of Rk+1. Then, the following relations hold.

RkH
(h)
k R−1

k +
h
(h)
k+1,k

rk,k
ρk(e

(k)
k )T = Hk,(4.2)

and

rk+1,k+1h
(h)
k+1,k = hk+1,krk,k.(4.3)

Proof. Observe that both R̃k and Uk are principal submatrices of R̃k+1 and Uk+1,
respectively. In particular, U−1

k is a principal submatrix of U−1
k+1. Consequently, since

these are all upper triangular matrices, Rk = R̃kU
−1
k is a principal submatrix of Rk+1.
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Thus, we have that

Rk+1H
(h)
k+1,k =









Rk ρk

0 rk+1,k+1



















H
(h)
k

h
(h)
k+1,k











and

Hk+1,kRk =









Hk

hk+1,k











 Rk





Since it follows from Proposition 4.1 that Rk+1H
(h)
k+1,k = Hk+1,kRk one obtains that

RkH
(h)
k + h

(h)
k+1,kρke

T
k = HkRk and also that (4.3) holds. The results follows.

Remark 4.3. Note that from (4.3) it follows that

h
(h)
k+1,k

rk,k
=

hk+1,k

rk+1,k+1
,

and also that if the Arnoldi method terminates (hk+1,k = 0), so does the Hessenberg

method (h
(h)
k+1,k = 0). The relation (4.2) shows that at termination both methods

produce upper Hessenberg matrices with the same eigenvalues.
We also note that we can write the explicit form of pseudoinverse of Lk. Indeed,

from (4.1) it follows that L†
k = R−1

k V T
k .

We discuss now some bounds on the residual norms. We mention in passing that
the bounds in [10] are not very tight for CMRH, and therefore cannot be used to
fully understand the behavior of the method (see the experiments in Section 5). The
following result is in the spirit of [10], and indicates that as long as the condition
number of Rk does not grow too fast, the CMRH residual norm will be close to the
GMRES residual norm.

Theorem 4.4. Let rGk and rck be the GMRES and CMRH residuals at the kth
iteration beginning with the same initial residual r0, respectively. Then

‖rGk ‖ ≤ ‖rck‖ ≤ κ(Rk+1)‖r
G
k ‖,(4.4)

where κ(Rk+1) = ‖Rk+1‖‖R
−1
k+1‖ is the condition number of Rk+1.

Proof. The first inequality in (4.4) is standard and follows from (2.5). Since both
rGk and rck are in Kk+1, we can write rGk = Lk+1u

G
k = Vk+1w

G
k , r

c
k = Lk+1u

c
k = Vk+1w

c
k

with uG
k , uc

k, wG
k , wc

k ∈ R
k+1. Thus Rk+1u

G
k = wG

k . Because of the characterization
(1.3), we have that

‖uc
k‖ ≤ ‖uG

k ‖ ≤ ‖R−1
k+1‖‖w

G
k ‖ = ‖R−1

k+1‖‖r
G
k ‖.

On the other hand, from (4.1),

‖rck‖ = ‖Lk+1u
c
k‖ ≤ ‖Lk+1‖‖u

c
k‖.

Since ‖Lk+1‖ = ‖Rk+1‖, the proof is complete.
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We note that from (4.1) it follows that κ(Rk+1) = κ(Lk+1), and thus, we recover
Theorem 4 of [9], which in turn is similar to a result on QMR [2]. What is of interest
here is that unlike the cases cited, we have an upper triangular matrix, which is the
change of basis between the two basis of the Krylov subspace.

We end this section with further relations between CMRH and GMRES iterates
and residuals. We also provide the exact formulae for wG

k and wc
k defined in the proof

of the preceding theorem.
Proposition 4.5. The following relations hold.

(i) Rk = V H
k Lk, R

−1
k = L†

kVk.

(ii) rGk = ‖r0‖Vk+1(I −Hk+1,kH
†
k+1,k)e1

(iii) rck = ‖r0‖Vk+1(I −Hk+1,k

(

R−1
k+1Hk+1,k

)†
R−1

k+1)e1.

(iv)
‖xG

k − xc
k‖

‖r0‖
= ‖(H†

k+1,k −
(

R−1
k+1Hk+1,k

)†
R−1

k+1)e1‖.

Proof. The relation (i) follows directly from (4.1) and the fact that L†
k is the

pseudoinverse of Lk. Relations (ii) and (iii) follow from the expression of the min-
imizing element of (2.5) and (3.3), respectively. We now use the Arnoldi relation
AVk = Vk+1Hk+1,k in (ii) and (iii), and obtain

rGk − rck = ‖r0‖AVk

(

H†
k+1,k −

(

R−1
k+1Hk+1,k

)†
R−1

k+1

)

e1,

from where (iv) follows directly.

5. Numerical Experiments. In this section we provide experimental results
using the CMRH method, and comparing its performance with the GMRES. We
illustrate the theory developed in this paper with two classes of matrices. The first
involve well conditioned matrices (examples 5.1, 5.2 and 5.3); while the matrices in
the next two examples are badly conditioned. In in the first four experiments we have
n = 1000, x0 = 0. For the first three examples, the right hand side is chosen such that
the exact solution x∗ is a known random vector. The first five numerical experiments
were carried out using Matlab. Fortran was used for part of the experiments of the
last example.

We begin with examples from the Matlab gallery test matrices [6].

LU GMRES CMRH
Iter. 13 13

‖residual‖ 4.42 10−14 4.07 10−14 5.11 10−14

‖error‖ 3.03 10−14 3.98 10−14 3.35 10−14

Table 5.1

Results obtained for the matrix Ris.

Example 5.1. In this example we consider the symmetric Hankel matrix
(A=gallery(’ris’,n)) with elements

a(i, j) =
0.5

n− i− j + 1.5
.

The converge of both methods is very fast: both GMRES and CMRH converge in
13 iterations, as can be seen in Table 5.1. In this table, and in those of the other
experiments, we also report the norms of the residual and of the error of the computed
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Fig. 5.1. Example 5.1: norms of residuals (left) and errors (center); and κ(Rk) (right).

approximation. For comparison, we also report these two quantities when the system
is solved with a direct method (we use the default direct method in Matlab) and label
it LU in the tables. For this experiments, for all three methods reported, the norms
of the residual and of the error are of the same order of magnitude. In Figure 5.1,
we present the usual convergence curves for CMRH and GMRES (residual norms), as
well as the norms of the corresponding errors. As it can be appreciated, the curves
for CMRH and GMRES are very close to each other. We also present in the same
figure the values of κ(Rk) for each iteration k. One can see that these values are very
small.

Example 5.2. For this experiment we use the Riemann matrix
(A=gallery(’riemann’,n)) with elements

a(i, j) = i if i+ 1 divides j + 1, and a(i, j) = −1 otherwise.

As it can be seen in Table 5.2 and Figure 5.2, the curves for GMRES and CMRH are
very close to each other, and κ(Rk) grows only to be of order 100.

LU GMRES CMRH
Iter. 241 242

‖residual‖ 4.62 10−11 1.74 10−11 5.01 10−11

‖error‖ 5.77 10−13 1.82 10−12 2.70 10−12

Table 5.2

Results obtained for the matrix Riemann.
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Fig. 5.2. Example 5.2: norms of residuals (left) and errors (center); and κ(Rk) (right).

Example 5.3. In this example, we consider a random matrix A = rand(1000)
of dimension 1000. Such a matrix has condition number O(1000) on average and
smoothly distributed singular values. As it can be observed in Figure 5.3 both GMRES
and CMRH stagnate, i.e., they make negligible progress until the iteration number
reaches n = 1000. This is the usual case for this kind of matrices. In Table 5.3 we also
observe that the achieved accuracy is of the same order of magnitude for all methods.
Note that the condition number of Rk reaches a value of only the order of 103.

LU GMRES CMRH
Iter. 1000 1000

‖residual‖ 1.13 10−11 1.52 10−11 3.05 10−11

‖error‖ 1.09 10−10 1.03 10−10 1.89 10−10

Table 5.3

Results obtained for a random matrix of size n = 1000.

For the next two examples we use the Matlab Regularization Tools from [3]. As
is well known, these matrices are not well conditioned.

Example 5.4. Consider the solution of the Fredholm integral equation of the
first kind

∫ 6

−6

κ(s, t)x(t)dt = y(s), −6 ≤ s ≤ 6.(5.1)

Its solution, kernel, and right-hand side are given by

x(t) =

{

1 + cos(π3 t), if |t| < 3,
0, otherwise,

κ(s, t) = x(s− t),

y(s) = (6− |s|)(1 +
1

2
cos(

π

3
s)) +

9

2π
sin(

π

3
|s|).
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Fig. 5.3. Example 5.3: norms of residuals (left) and errors (center); and κ(Rk) (right).

We use the code phillips from [3] to discretize (5.1) by a Galerkin method with or-
thonormal box functions as test and trial functions to obtain the symmetric matrix
A of order n = 1000.

LU GMRES CMRH
Iter. 157 133

‖residual‖ 1.47 10−14 4.59 10−12 3.8 10−11

‖error‖ 4.38 10−5 2.29 10−5 2.34 10−5

Table 5.4

Results obtained for the matrix Phillips.

In Table 5.4, we can observe the effect of the high condition number of A: the
norm of the error of the obtained approximations is several orders of magnitude larger
than that of the corresponding residuals. At the same time, we note in Figure 5.4
that κ(Rk) is only of the order of 100, and this implies that the convergence curves of
CMRH and GMRES are close to each other. This fact is also observed in Figure 5.4.
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Fig. 5.4. Example 5.4: norms of residuals (left) and errors (center); and κ(Rk) (right).

Example 5.5. We consider the integral equation

∫ π/2

0

κ(s, t)x(t)dt = g(s), 0 ≤ s ≤ π,(5.2)

where

κ(s, t) = exp(s cos(t)), and g(s) = 2sin(s)/s.

The solution is given by f(t) = sin(t). We used the Matlab code baart from [3] to
discretize (5.2) by a Galerkin method with 1000 orthonormal box functions. This
yields the matrix A of order n = 1000. We use the right hand side b so that the
solution is the known solution.

LU GMRES CMRH
Iter. 7 7

‖residual‖ 8.84 10−15 1.90 10−13 2.58 10−13

‖error‖ 9.45 10+2 2.87 10−5 2.89 10−5

Table 5.5

Results obtained for the matrix Baart.

As in Example 5.4, we can see in Table 5.5 that the norms of the errors are much
larger than those of the residual. Note however that for this example, the direct
method gives an error which is seven orders of magnitude higher than the iterative
methods. Note also, that the iterative methods converge very fast and that their
convergence curves stay very close to each other, with κ(Rk) only reaching a value of
the order of 10; see Figure 5.5.

Example 5.6. For our last numerical experiment, we consider the matrix A,
which is defined by:

Ai,j =

{

−log |zi − zj | , for i 6= j,
−log |ri| ,
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Fig. 5.5. Example 5.5: norms of residuals (left) and errors (center); and κ(Rk) (right).

where zi are n randomly distributed points in a unit square centered at the origin
in the complex plane and where each ri is a number in (0, di], di being the distance
between the point zi and its nearest neighbor. We observe that computing an off-
diagonal entry Aij corresponds, up to a factor of − 1

2π , to evaluating the free space
Green’s function for the Laplacian in two dimensions with argument zi−zj. For more
details, see [4]. We choose the right hand side, so that the exact solution x∗ is equal
to x∗

i = 1, for i = 1, . . . , n. We run three experiments for this example. In the first
one we used Matlab.

In this first experiment, we set n = 1000, and compare the behavior of CMRH
and GMRES. As shown in Figure 5.6 and Table 5.6, the curves of both GMRES
and CMRH are very close to each other, even κ(Rk) grows. GMRES and CMRH
converge in 690 and 694 respectively. We can also remark that despite the fact that
the compueted Arnoldi vectors loose orthogonality (‖I − V T

k Vk‖ increases) as shown
in Figure 5.7, both methods produce an accurate solution.

LU GMRES CMRH
Iter. 690 694

‖residual‖ 3.21 10−12 1.22 10−11 8.38 10−12

‖error‖ 7.14 10−11 7.39 10−11 3.73 10−11

Table 5.6

Results obtained for the matrix Helsing of size n = 1000.

In the second test, we set n = 20000, and compare the behavior of CMRH and
GMRES, as shown in Figure 5.8 and Table 5.7. As it can be observed, the curves of
both GMRES and CMRH are very close to each other for most of the computation.
At a certain point (after 8000 iterations), the computed CMRH residual stagnates
around 10−8 with an error stagnating at about the same magnitude. On the other
hand, the computed GMRES residual continues to decrease, but the corresponding
error grows by at least an order of magnitude. A direct method works well for this
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Fig. 5.6. Example 5.6, n = 1000 : norms of residuals (left) and errors (center); and κ(Rk)
(right).
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Fig. 5.7. Example 5.6 n = 1000, log10 ‖I − V T

k
Vk‖.

problem.

LU GMRES CMRH GMRES CMRH
Iter. 8715 8715 9000 9000

‖residual‖ 2.67 10−9 5.16 10−9 5.43 10−9 6.37 10−10 3.12 10−9

‖error‖ 1.13 10−9 1.52 10−8 2.34 10−8 2.46 10−7 2.34 10−8

Table 5.7

Results obtained for the matrix Helsing of size n = 20000.

In the last run, we consider the same problem, but of a larger size, namely
n = 88000. For this problem, the full GMRES can not be used, since the mem-
ory needed would exceed our available 64GB. The CMRH method works in this case,
since the basis of the Krylov subspace overwrites the columns of the matrix, and
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Fig. 5.8. Example 5.6, n = 20000: norms of residuals (left) and errors (right).

very little additional storage is needed. CMRH converges in 30801 iterations, and the
norm of the error at this iteration was 1.14 × 10−5. The error in the direct method
was 5.77 × 10−6. The curve of the quasiresidual obtained from (3.4) is given in in
Figure 5.9.
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Fig. 5.9. Results obtained for the matrix Helsing of size n = 88000: norms of the quasiresiduals.

6. Conclusions. We have presented some new analysis of the Hessenberg and
CMRH methods, and formulae relating its iterates and residuals with those of Arnoldi
and GMRES. These results indicate why CMRH works so well in comparison to GM-
RES (but with lower cost and potentially with lower storage requirement, especially
for matrices which are not so sparse). Numerical experiments illustrate these obser-
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vations.
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