MINIMALLY NONASSOCIATIVE NILPOTENT MOUFANG
LOOPS

ORIN CHEIN AND EDGAR G. GOODAIRE

ABSTRACT. This paper considers the following question: “Which varieties of
Moufang loops have the property that the minimally nonassociative loops in the
variety are precisely those which are indecomposable and which can be generated
by three elements?” It was shown previously [CGta] that the variety of commuta-
tive Moufang loops has this property. Here we investigate the variety of centrally
nilpotent Moufang loops. We find that while this variety as a whole does not
have the property in question, the subvariety consisting of Moufang loops which
are centrally nilpotent of class 2 does. We also find some other families of loops
which have this property, and consider a number of examples.

1. INTRODUCTION

Motivated by a paper of Miller and Moreno [MMO03], in which they investigate
nonabelian groups in which every proper subgroup is abelian, we began our study
of minimally nonassociative Moufang loops in [CGtal. In the current paper, we call
a group of the type studied by Miller and Moreno an MM group, and we call a
Moufang loop an MNA loop if it is minimally nonassociative - that is, if it is not
associative but all its proper subloops are associative.

Since Moufang loops are diassociative (that is, any two elements generate an
associative subloop), minimal nonassociativity for a Moufang loop L is equivalent
to the statement that L is generated by any three elements which do not associate.
Note also that an MNA loop must be indecomposable because if L = G x H with
G and H proper subloops then G and H must be associative, and hence so must L.

In [CGta], we proved that for commutative Moufang loops (CML’s), these two
necessary conditions are sufficient for minimal nonassociativity. That is, a CML is
MNA if and only if it is indecomposable and can be generated by three elements.

We say that a family of Moufang loops has Property 3I if nonassociative loops in
the family are MNA if and only if they are indecomposable and can be generated
by three elements.
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It is natural to ask whether the variety of all Moufang loops is characterized by
these two properties.
That the answer is no can be seen by the following example.

Ezample 1.1. Consider the smallest simple Moufang loop, of order 120 [Pai56]. This
is clearly indecomposable, and it can be generated by three elements [Voj]. But it
is not minimally nonassociative since it contains nonassociative subloops of orders
12 and 24 [MG].

This then raises the question of whether any varieties of Moufang loops other
than CML’s have Property 3I. We will identify several other such varieties below.
In Section 2, we present some preliminary results which will be used throughout
the paper. Section 3 considers when Moufang loops of type M(G,*,gp) can be
generated by three elements and investigates the connection between when loops of
this type are MNA and when the group G is MM. Section 4 considers the variety
of centrally nilpotent Moufang loops. Although this variety is seen not to have
Property 31 in general, the subvariety of Moufang loops of nilpotence class 2 does.
We investigate some important subfamilies such as the small Frattini Moufang loops
and the RA loops. We also consider the family of Moufang loops with a unique
nontrivial commutator and the loops of type M (G, *, go).

2. PRELIMINARIES

Although some of the results of this paper carry over to infinite loops, we will
assume in the remainder of this paper that all loops under consideration are finite
Moufang loops. We refer the reader to [Pfl90] or [Bru58] for the basic definitions
and properties of Moufang loops.

For most Moufang loops considered in this paper, the centre Z(L) will be of some
interest. Except when there is the possibility of confusion, we will simply denote
this centre by Z throughout the paper.

Lemma 2.1. Let G be a nonabelian group which can be generated by two elements,
say G = (g, h), and suppose that squares are central in G. Then
1) G/Z(G) = Cy x Cy,
2) every element of G can be expressed in the form g“hPsY, where s = (g, h)
and where 0 < v <1,
3) s is the unique nontrivial commutator of G,

4) Z(GQ) = (g?, h?%,s).

Proof. 1) Since squares are central in G, G/Z(G) is an elementary abelian 2-group.
But G = (g,h), so G/Z(G) = (9Z(G),hZ(G)) can be generated by two elements.
Therefore G/Z C Cy x Cy. If G/Z(G) were a proper subgroup, it would be cyclic,
forcing G to be abelian, contrary to assumption. Therefore G/Z(G) = Cy x Cs.

2) The commutator s = (g, h) is central since (¢, h) = g 'h~'gh = g~ 2(gh~1)?h?
Z(@). Therefore, using the centrality of g? and the standard commutator identi-
ties [Hal59, p. 150], 1 = (g%, h) = (g,h)((g,h),9)(g,h) = (g,h)?, so s* = 1, and
(h,g) = (g,h)"! = s7! = 5. But then, hg = gh(h,g) = ghs, so any element in
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G = (g, h) can be expressed in the form g®hPs?. Since s> = 1, we can assume that
0<~y<1.

3) Consider x = (g*h”sY,g"h”s). Since s and squares are central and can there-
fore be removed from commutators, there is no loss of generality in assuming that
x = (g®hB, g"hP), where 0 < a, 8,7, p < 1. Since (g,9) = (h,h) = (gh,gh) = 1, and
since (g, gh) = (gh,g)~! and (h, gh) = (gh, h)™!, we need only consider (gh, g) and
(gh,h). By the standard commutator identities, (gh,g) = (9,9)((9,9),h)(h,g) =
(hvg) =51 = s, and (gha h) = (97 h)((gah)ah)(h‘a h) = (97 h) = s. Thus, s is the
unique nontrivial commutator.

4) Let z = (g®h%)s” € Z(G). Then, since g2, h? and s are central, there is no loss
of generality in assuming that 0 < «, 5 < 1. But since G = (g, h) = (g, gh) is not
abelian, none of the elements g, h or gh can be central. Therefore o and 8 must
both be 0, and so z € (g2, h?, s). ]

Lemma 2.2. Let L be a nonassociative Moufang loop which can be generated by three
elements, say L = (a,b,c). Suppose that L has a unique nontrivial commutator, s,
and that squares are central in L. Then

1) L/Z = CQ X CQ X CQ,
2) every element in L may be expressed in the form [(a®b?)c7]s?,

3) Z = (a%,b% 2, s).

Proof. Since s is the unique nontrivial commutator, it follows from [CG90, Lemma
3] that s> =1 and s € Z. Also, since squares are central, they are nuclear, and so L
is an extra loop [CR72, Corollary 2] and s is the unique nontrivial associator, also
by Lemma 3 of [CG90].

1) Since L = (a, b, ¢) and squares are central, L/Z = (aZ,bZ,cZ) C Cy x Cy x Cs.
If L/Z were a proper subgroup, it could be generated by fewer than three elements,
say Z and yZ, then L = (x,y, Z) = (x,y)Z would be associative, by diassociativity,
contrary to assumption. Therefore L/Z = Cy x Cy x Cj.

2) Since the generators a, b and ¢ can all be expressed in the form [(a®b®)c]s?,
in order to see that every element of L can be expressed in this form, it is enough
to see that the product of two elements in this form can again be expressed in this
form.

Let d = {[(a®b®)c"]s?}{[(a™b")c?)s}. Then, using the Moufang identity [(zy)z]y =
z[y(zy)] and the centrality of s,

de’ = ({[(@*") ] H[(@™0)e7]sT})e” = (D7) [ (a70P)e7 7)™

Since (c7,a™b”), (a“b®,a™b”,c”T27) and (V%,a™) are all in (s), this becomes first
(a®b®)[(a™bP)c?T27]s?, then [(a®bP)(a™bP)]c"+?7]s?¥, and finally [(a®+7b5HP)c7+27]sH,
where ¢, 1 and u depend on § + 7 and the commutators and associator mentioned
in the previous sentence. Therefore, d = [(a®T™b%+P)cIT]sH.

3) Let z = [(a®bP)cV]s® € Z. Since a2, b?, ¢? and s are central, there is no loss of
generality if we assume that 0 < «, 3,7 < 1. But since L = (a,b,c) = (ac,be,c) =
(a,ab, (ab)c) is not associative, none of the elements a,b, ¢, ab, ac, be, (ab)c can be
central. Therefore o, 3, and v must all be 0. Therefore, z € (a?, b?, ¢, s). O



4 ORIN CHEIN AND EDGAR G. GOODAIRE

Lemma 2.3. Let L be a nonassociative Moufang p-loop which can be generated by
three elements, say L = {(a,b,c). Suppose that L has a central element s such that
L/(s) is an elementary abelian p-group. Then

1) L/(s) = Cp x Cp x Cp,

2) every element in L may be expressed in the form [(a®b®)c7]s?,

3) Z(L) = (s).

Proof. Let A = (s). Since L/A is an abelian group, all commutators and all associ-
ators in L are contained in A.

1) Since L = (a,b,c), then, L/A can be generated by three elements. That is,
L/A = (aA,bA,cA) C C, x C, x Cp. If L/A were a proper subgroup, it could be
generated by fewer than three elements, say zA and yA. But then L = (z,y, A) =
(x,y)A would be associative, by diassociativity, contrary to assumption. Therefore
L/A=C), x Cp x C,,.

2) This is exactly the same as the proof of part 2) of Lemma 2.2.

3) Since A C Z(L), L/Z(L) is a homomorphic image of L/A. Therefore, by part
1), L/Z(L) C Cp x Cp x Cp, since any homomorphic image of Cp, x C, x Cj is
isomorphic to a subgroup of C), x Cp, x Cp. If L/Z(L) were a proper subgroup, it
could be generated by two or fewer elements, say L/Z(L) = (xZ,yZ). But then, as
above, L = (x,y, Z) would be associative by diassociativity, contrary to assumption.
Hence L/Z(L) = Cp x Cp x Cp, =2 L/A and Z(L) = A = (s), since A C Z(L). O

3. Loops oF TYPE M (G, *, go)

We begin this section by recalling a construction first introduced in [Che78, The-
orem 2']. (See also [GJM96, §11.5.2].)

Let G be a group which possesses an involution g — g* (that is, an antiautomor-
phism of period two) such that gg* is in the centre of G for all g € G. Take a central
element gy € G which is fixed by * and an element v not in G and form the set
L = G U Gu. Define multiplication in L by extending multiplication from G with
the rules

g(hu) = (hg)u
(3.1) (gu)h = (gh*)u
(gu)(hu) = h*ggo.
Then L is a Moufang loop, denoted M (G, *, go), which is associative if and only if
G is abelian.
Remark 3.1. For g € G, (gu)™" = (¢* g0 ")u.

Remark 3.2. Note that gg* = g*g, since (¢*g)g = g(9*g) = (g9g9*)g. Also, for g
and h in G, (gh)(gh)* = ghh*g* = g(hh*)g* = (9g*)(hh*), and, by induction, this
generalizes to any number of elements of G.

Remark 3.3. It is also worth noting that if v = ku, where k is any element of G,
then we can use v in place of u in describing L. That is, for any m = gu in Gu,
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= (k71g)(ku) = (k~'g)v € Gv. Furthermore,
g(hv) = glh(ku)] = [( Ry = (khg)u = (hg)(ku) = (hg)u
(32)  (gv)h = [g(ku)|h = [(kg)u]h = (kgh*)u = (gh")(ku) = (gh")v
(90) () = [g(ku)] (k)] = [(kg)ul [(kh)u] = (kR)* (kg)go = " ghk"go.

Thus, using v in place of u, L = G U Gv = M(G, *,kk*gg). Note that * does not
change and that gg is replaced by kk*gg.

As a special case of this construction (although, historically it preceded it [Che74,
Theorem 1]), taking * to be the inverse mapping and gy = 1, we obtain the loop
M (G, 2). In this case, (3.1) becomes

g(hu) = (hg)u
(3.3) (gu)h = (gh™u
(gu) () = h™'g.

Remark 3.4. If L =GUGu = M(G,2), then replacing u by v = ku for k € G gives
L =GUGv=M(G,2), where (3.2) becomes

g(hv) = (hg)v
(3.4) (gv)h = (gh™")v
(gv)(hv) = h™'g.
Note that v2 = u? = go = 1.

Lemma 3.5. If L = M (G, %, go), then A(L), the subloop generated by the associators
in L, is just G', the commutator subgroup of G.

Proof. First observe that, for g, h € G, g(hu) = (hg)u = [gh(h, g)]u = [(gh)u](h, g)*,
so that (g, h,u) = [(h,9)*] ' = (h*7%, g* 7). Since ¢* 7! and h*~! run through G as
g and h do, every commutator in G is an associator. Therefore G' C A(L).

For subsets A, B and C of L, we will use the notation (A, B,C) to denote the
subloop generated by all associators of the form (a, b, ¢), where a, b and ¢ run through
A, B and C respectively. Thus, in particular, A(L) = (L, L, L).

Let z,y,2 € L. We wish to show that (z,y,2) € G’. Since G is associative
and since the product of two elements of Gu is in G, it follows from equations
(5.17), (5.18) and (5.19) on page 124 of [Bru58] that there is no loss of generality
if we assume that two of the elements are in G and the third is in Gu. In fact,
since (gu, hu, ku) = (gu, (hu)(k ) u) = (gu, (hu)(ku), (ku)(gu)) € (Gu,G,G),
(gu,hu. k) = ((qu)(hu).k,hu) " € (G,G,Gu), (gu,h,ku) = (gu.h, (ku)(gu)) €
(Gu, G, G), and (g, hu k:u) = (g, (hu)(ku), ku) € (G, G,Gu), we need only consider
(z,y,2 ) where v = gu,y = h,z = kor x = g,y = h,z = ku. In the first case,
[(gu)h]k = (gh*k*)u and (gu)(hk) = (gk*h*)u, so, using Remark 3.1,

(gu, h k) = [(gk*h*)u] " [(gh*k*)u] = {[(hkg*) " g0~ Ju}[(gh"k*)u]
=g 'kt khgt = g (k) gt € G
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Similarly, in the second case, (gh)(ku) = (kgh)u and g[h(ku)] = (khg)u, so

(g, hy ku) = [(khg)u] " [(kgh)u] = {[(khg)*~ g0~ 'Ju}[(kgh)u]
— g gtk = BTN, gk € G
O

Lemma 3.6. If L = M(G,*,gg), then the centre, Z(L) ={z € Z(G) | z* = z}. In
the special case that L = M(G,2), Z(L) = {z € Z(G) | 2* = 1}.

Proof. First note that the second statement follows immediately from the first,
since,in M(G,2), z* = z~!. TFor the first statement, first note that if v € Gu
is in Z(L), then gv = vg = g*v, by Remark 3.3, and so ¢* = g for all g € G.
But then, gh = (gh)" = h*¢g* = hg, for all g,h € G, and so G is abelian and
L is a group. Therefore, Z(L) C G. If z € Z(L), then, clearly, z commutes
with every element of G, and so Z(L) C Z(G). For g € G, ug = g*u, so if
z commutes with w, then z* = 2. Thus Z(L) C {z € Z(G) | 2* = z}. Con-
versely, if z € Z(G) and z* = z, then, for any element ¢ € G, zg = gz and

z(gu) = (92)u = (gz")u = (gu)z, so z commutes with every element of L. Fur-
thermore, (zg)(hu) = (hzg)u = (hgz)u = z[(hg)u] = z[g(hu)], so (z,g,hu) = 1;
and, similarly, [2(gu)](hu) = [(g2)ullhu] = gzh*go = zgh®go = z[(gu)(hu)], so
(2, gu, hu) = 1. Therefore z € Z(L), and so {z € Z(GQ) | 22 =1} C Z(L). O

Remark 3.7. It is worth noting that, for any g € G, not only do we have g¢g* € Z(G),
but, in fact, g¢* € Z(L), since (gg*)* = ¢**g* = gg*. Similarly, go € Z(L), since
g0 € Z(G) and gy is fixed by x*.

Lemma 3.8. A nonassociative Moufang loop of the form L = GUGu = M (G, %, go)
can be generated by three elements if and only if there exist elements g, h,k € G,
with (g, h) # 1, such that G = (g, h, gg*, hh*, kk*go). In particular, if L = M(G,2),
then G = (g, h).

Proof. Suppose that L = (a,b, ¢). Since not all three of these elements can be in G,
there is no loss of generality if we assume that ¢ = ku, for some k € G. Also, since
(a,b,c) = (ab,b,c) = (a,be,c) = (ac,be, c), and since the product of two elements
which lie outside G must lie in GG, there is also no loss in generality in assuming that
a € Gandbe G. (Le, if a ¢ G, then replace a by ac, etc.) Let g = a, h = b and
v=c=ku. Thus L = (g, h,v). By (3.2),
g(hv) = (hg)v
(3.5) (gv)h = (gh*)v = (gh™'hh*)v
(gv)(hv) = h*gkk*go = h*hh~Lgkk*go = h™tghh*kk* go,

the last equation following from Remark 3.2 and the centrality of hh*.

For any element m € G, mv € L = (g, h,v), so mv can be expressed as a word
in g, h and v. Using (3.5), we can bring any v’s to the right, obtaining mv = nwv,
where n € (g, h, gg*, hh*, kk*gg). Therefore, m = n € (g, h, gg*, hh*, kk*gp), and,

since m was an arbitrary element of G, G = (g, h, gg*, hh*, kk*go). Since G is not
abelian, and since gg*, hh* and kk*gy are central in G, we must have (g,h) # 1.
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In the case that L = M(G,2), t* =t~! for any t € G, and go = 1, so G = (g, h).
Conversely, if G = (g, h, gg*, hh*, kk*go) for some g, h,k € G, let v = ku and let
H = (g, h,v). Then kk*go = v? € H. Also vg = (ku)g = (kg*)u = g*(ku) = g*v, so
g* = (vg)v~! € H, and, similarly h* € H. But then G C H. Since v ¢ G, G # H.
But G is of index 2 in L, so H = L and L = H = (g, h,v) can be generated by three
elements. O

Remark 3.9. It is noteworthy that while the minimal number of generators for a loop
of type M(G,2) is always at least as big as the minimal number of generators for G,
Lemma 3.8 suggests that if L = M (G, *, go), then the minimal size of a generating
set for L might actually be smaller than the minimal size of a set of generators for
G. That this may actually occur may be seen in the following example.

Ezample 3.10. Let G = Qg x Cy x Co x (o, where (g denotes the quaternions. Then
G= <$7y72,vaw | .1‘4 = 22 :UQ :w2 = (ZC,Z) = (l‘,’U) = (ZL‘,’IU) = (y72) = (y,v)
= (va) - (Z7U) - (z,w) - (va) = 17y2 = (.’I),y) = $2>,

and G cannot be generated by fewer than five elements, because G/(x?) = Cy x
Cy x Cy x Uy x (5 requires five generators. Furthermore, every element g € G may
be expressed in the form g = z%y%27"v we, where 0 < o < 3 and 0 < 8,7, 6,¢ < 1.
If h = 2™yPz v w®, then gh = g t™H20m B+ 7+0y0+7etd,

Define * on G by g* = (x%yP2700w)* = 20+208yB 792998+ € Then, since
zt = 0?2 = w? = 1, (¢*)* = ¢g. Furthermore, since 2> = 1 and 32 = 2?2, gg* €
(2 v,w) C Z(G) = (2, z,v,w). Finally,

(gh)* _ xa+7‘r+2ﬁ7‘r+2(a+ﬂ+25ﬂ')(ﬂ+l)) ﬁ+pz’y+oUa+7r+2ﬁ7r+5+7'wﬁ+p+e+¢

Yy
— :L,oc+7r+2(o¢,8+ocp+7rp) yﬁ+p27+ava+5+7r+7'w,@+5+p+¢’

whereas
h*g* _ (xw+2wpypzav7r+7wp+¢) ($a+2aﬁyﬂz’yva+6wﬁ+e)

— w7r+27rp+o¢+2aﬂ+2p(a+2aﬂ) p+ﬂzo+'yvﬂ'+7'+a+5wp+¢+ﬂ+e

Y
_ $a+7r+20lﬁ+2ﬂ.p+2apyﬁ+pz'y+aUa+§+7r+7'wﬁ+€+,0+¢ = (gh)*.

Thus * is an involution on G. Note that * = zv and y* = yw. Let go = z. Then
(go)* = 2" = z.

Thus we can form L = GUGu = M (G, %, go). Surely {z,y, z, v, w, u} generates L.
But uz = z*u = (zv)u, so v = z~ (uz)u™t € (x,u). Similarly, w =y~ (uy)u=! €
(y,u). Finally, u?> = go = z, so z € (u). Putting these together, z,v,w € (x,y,u),
so L = (z,y,u). Thus, L can be generated by three elements.

Since Z(G) = (22, z,v,w) and since each of these elements is fixed by *, Z(L) =
Z(G) = (22, z,v,w). Also, since all squares in L are central, L/Z(L) is an elementary
abelian 2-group. Thus L is centrally nilpotent of class 2.

There is a connection between when a loop of type M(G, %, gg) is MNA and when
G is MM. To investigate this connection, we first need the following lemma.
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Lemma 3.11. If L = GU Gu = M(G,*,g90) and if K is a subloop of L which is
not contained in G, then there exists a subgroup H of G and an element hg in the
centre of H such that K = M(H, *, hy).

Proof. Let H = K NG, and let v be any element of K which is not in H. Then v is
not in G, so v = au for some a € G. Since K is a subloop, Hv C K,so HUHv C K.
We wish to prove equality. If w € K, then either w € H or else w = bu for some
b € G. But then wv™! = (bu)(au)™! = (bu)((a™')*u)go™' = a~'b € G, so wv™! €
KNG =H, and w € Hv. Thus, K = H U Hv. Let hg = v?> = (au)? = a*agy € G.
But v € K and K is closed, so hg = v?> € K. Thus hg € K NG = H. That the
required multiplication holds follows from (3.2). In particular, for h € H, vh = h*v,
so h* =vhv™! € KNG = H. Thus H is closed under *, M(H, *, hg) is a loop, and
M(H,*,hy) = K, completing the proof. O

Theorem 3.12. Suppose that L = M (G, *, go) for some G, x and go. If G is an
MM group then L is MNA.

Proof. Since G is MM, every proper subgroup, H, of G is abelian, so, for any choice
of hg € Z(H), M(H,x,hg) is associative. By Lemma 3.11, every proper subloop of
L is either a subgroup of G or it is of the form M (H, x, hy) for some proper subgroup
H of G. In either case, K is associative. O

In the case that L = M (G, 2), the converse of this Corollary holds as well. (See
[CGp, Corollary 1.4].)

Theorem 3.13. If L = M (G, 2) is MNA, then G is MM.

Proof. If G were not MM, then it would contain a proper nonabelian subgroup H,
and then M (H,2) would be a proper nonassociative subloop of L, contradicting the
minimal nonassociativity of L. U

Remark 3.14. The difficulty in generalizing this argument to L = M (G, *, go) is that
if H is a subgroup of G, then H may not be closed under *, and so M (H, %, hy) may
not be well defined. Closing it, by considering (H, H*) may give all of G. This is
what happens in Example 3.10, which, as we now show, provides a counterexample
to the converse of Theorem 3.12.

We first observe that L is MNA. If K is a nonassociative subloop of L, then,
by Lemma 3.11, there would have to be a nonabelian subgroup H of G and an
element hy € Z(H) such that K = M(H,x*,hg). (If H were abelian, K would be
associative.) From the proof of Lemma 3.11, we can assert that hg = aa*gy = aa*z,
for some a € G. But, for any a € G, aa* € (2%, v,w). Therefore, hg = mz for some
m € (2%, v, w).

Since 22, z,v,w € Z(G), the only noncentral elements of GG are of the form xt,
yt or (xy)t, where t € Z(G). Since (xt1, (xy)t2) contains an element of the form
yts, and since (yt1, (zy)te) contains an element of the form xts, there is no loss of
generality in assuming that xti,yto € H.

Since central elements of G are of order 2, (zt1)? = 22 € H. Also, since K =
M (H, %, hg), * is an involution on H. But z?, z, v and w are fixed by *, and
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so any central element ¢ is fixed as well. Thus (zt;)* = zvt; € H, and so v =
(wt1) Y (xty)* € H. Similarly, w = (xty) ! (xt2)* € H. Therefore, z = m~thg € H,
since m € (2%,v,w) C H. Finally, t1,t2 € (2% z,v,w) C H and so z,y € H. But
then H = G and K = L. Thus L is MNA.

On the other hand, G is not MM, since (x,y) = (s is a proper nonabelian
subgroup of G. Thus the converse of Theorem 3.12 does not hold.

4. NILPOTENT LOOPS

The natural generalization of CML’s is the variety of centrally nilpotent Moufang
loops. We will show shortly that this variety of loops does not have Property 3I but
that the subvariety consisting of loops of nilpotence class 2 does. However, before
we do so, we recall some facts about this variety of loops.

Lemma 4.1. 1)If L is a centrally nilpotent Moufang loop then L is a direct product
of p-loops [Gla68, Theorem 5], [GW68, Corollary 1].

2) If L is a p-loop, then L is centrally nilpotent. In particular, L has a nontrivial
centre [Gla68, Theorem 4], [GW68].

3) If L is a p-loop, Lagrange’s Theorem holds for L [Gla68, Theorem 2], [GW68,
p. 415].

We are now ready to show that the variety of centrally nilpotent Moufang loops
does not have Property 31.

Ezample 4.2. Consider the dihedral group Dg = (a,b | a® = b* = (ab)? = 1).
This group is not MM, since (a?, b) is a proper nonabelian subgroup. Therefore, by
Theorem 3.13, L = M(Dg,2) is not minimally nonassociative. On the other hand,
L is a 2-loop and so, by Lemma 4.1(2), it is centrally nilpotent. Since Dg can be
generated by two elements L can be generated by three elements.

Thus, to show that the variety of centrally nilpotent Moufang loops does not
have Property 31, it is enough to show that L is indecomposable. To see this, note
that the centre of L is {# € Dg | 22 = 1} = (a*), which is of order two. On
the other hand, if L were decomposable, it would have to be a direct product of
Cy and a nonassociative Moufang loop of order 16 (since Moufang loops of order
< 8 are associative), but every Moufang loop of order 16 has a nontrivial centre by
Lemma 4.1(2). (See also [Che74] or [GMR99]). This forces the centre of the direct
product to be of order exceeding two.

Thus M (Ds,2) is an indecomposable centrally nilpotent Moufang loop which can
be generated by three elements but which is not minimally nonassociative, and so
the variety of centrally nilpotent Moufang loops does not have Property 3I.

Remark 4.3. It is worth noting that the nilpotence class of M (Dsg,2) is 3.

On the other hand, there are some subvarieties of centrally nilpotent loops which
do have Property 31, for example Moufang loops which are nilpotent of class at most
2.
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Theorem 4.4. If L is an indecomposable nonassociative Moufang loop which can
be generated by three elements, and if L is centrally nilpotent of class 2, then L is
an MNA loop.

Proof. By Lemma 4.1(1), since L is centrally nilpotent, it is a direct product of
p-loops. Since L is indecomposable, it is a p-loop.

Let L* denote the normal closure of the subloop of L generated by all associators.
Since L/Z is an abelian group, all associators are central and hence are fixed by any
inner mapping of L. Therefore, in this case, L* is simply the subloop of L generated
by all associators. By [Hsu00, Theorem 3.3|, if z1,...,x, generate L, then L* is
generated by {(z;,z;,2;) | 1 <7 < j < k < n}. In particular, if L = (a,b,c),
then L* = ((a,b,c)) is cyclic. That is, L* = (s), where s = (a,b,c). By [Hsu00,
Theorem 3.8], L/L* is an abelian group of exponent dividing six. In particular, L*
is central and, since L is not a group, L* # L and L/L* is not trivial. But since L is
a p-loop, so is L/L*, and so it is either of exponent 2 or of exponent 3. That is, L/L*
is either an elementary abelian 2-group or an elementary abelian 3-group. Thus, by
Lemma 2.3, L/L* = C), x C), x Cy, and every element in L may be expressed in the
form [(a®b”)c]s?.

Let K be any proper subloop of L, and let K be the image of K in L/L*. If K
is a proper subgroup of L/L* = C, x C, x C,, then K can be generated by two or
fewer elements, say xL* and yL*. But then, K C (z,y, L*), which is associative, by
diassociativity and the centrality of L*. On the other hand, if K is not proper, then
K =L/L*andso L = KL*. Sincea,b,c € L,a = 5", b= ys” and ¢ = 257, for some
x,y, 2 € K and some integers m, p and 0. Then x = as ™™,y =bs P,z =cs7? € K.
But, since s is central, (z,y,2) = (a,b,¢) = s € K. Thus, a,b,c € K, and so K = L
and K is not proper, contrary to assumption. Therefore, every proper subloop of L
is associative, and so L is MNA. O

Corollary 4.5. The variety of Moufang loops which are centrally nilpotent of class
2 has Property 31.

As a consequence of this corollary, we can resolve the MNA question for several
families which have appeared in the literature.

Definition 4.6. A Moufang loop L is called a small Frattini Moufang Loop(SFML)
if L is a p-loop, p prime, which contains a central subloop A of order p such that
L/A is an elementary abelian p-group [Hsu00].

Clearly, SFML’s are centrally nilpotent of class 2, so we obtain the following
corollary:

Corollary 4.7. The family of SFML’s has property 31.

Another family of Moufang loops which are centrally nilpotent of class 2 and
which therefore have Property 3I are the RA loops.

Definition 4.8. A loop L is said to be ring alternative or RA for short, if the loop
ring RL is alternative over any ring R of characteristic different from 2.
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These loops was originally studied in [Goo83| and fully characterized in [CG86].
Every such loop is centrally nilpotent of class 2 since squares are central and L/Z =
CQ X CQ X CQ.

Corollary 4.9. The family of RA loops has Property 31.

Remark 4.10. It is also worth noting that every RA loop has a unique nontrivial
commutator, s, and is of type M (G, %, go), where the mapping * is defined by

. g ifgeZ(G
(4.1) g = { G)
gs otherwise,

[GIM96, Theorem IV.3.1].

The family of Moufang loops with a unique nontrivial commutator is another
family of centrally nilpotent Moufang loops (not necessarily of class 2) which can
be shown to have Property 3I.

Lemma 4.11. If L is a nonassociative Moufang loop with a unique nontrivial com-
mutator, then L is centrally nilpotent.

Proof. If L has a unique commutator, say s, then s € Z [CG90]. Therefore, L/Z is a
CML. By the Bruck-Slaby Theorem [Bru58], finitely generated CML’s are centrally
nilpotent. Since both Z and L/Z are centrally nilpotent, so is L. O

Theorem 4.12. If L is an indecomposable nonassociative Moufang loop with a
unique nontrivial commutator, and if L can be generated by three elements, then L
is an MNA loop which is centrally nilpotent of class 2.

Proof. Suppose L = (a,b,c), and let s be the unique nontrivial commutator in L.
Since L is centrally nilpotent, Lemma 4.1(1) tells us it is a direct product of p-
loops. Since it is indecomposable, it is a p-loop. By [CG90, Lemma 3], s? = 1,
s € Z and, for any z, y, z in L, (z,y,2) € (s). Since s is of order 2 and L is a
p-loop, p must be 2, and so the order of (z,y,z) must be 2" for some r. By the
Division Algorithm, there exist integers m and n such that 3m+2"n = 1. Therefore,
(z,y,2) = (2,y,2)>"2" = (2,9,2)% = [(z,9,2)3]™ € (s). That is, (z,y,2) = s,
for any x, y and z which do not associate. Thus L has a unique nontrivial central
associator. Therefore L/Z is an abelian group, and so L is centrally nilpotent of class
2. Furthermore, since L has a unique nontrivial associator, Lemma 3 of [CG90] also
tells us that squares are central in L, and so L/Z is an elementary abelian 2-group.

By Lemma 2.2, L/Z = Cy x Cy x Cy, every element in L may be expressed in the
form [(a®b®)c"]s?, and Z = (a?,b%, 2, 5).

Let K be any proper subloop of L, and let K be the image of K in L/Z. If K
is a proper subgroup of L/Z = (3 x Oy x Oy, then K can be generated by two
or fewer elements, say *Z and yZ. But then, K C (z,y, Z), which is associative,
as above. On the other hand, if K is not proper, then K = L/Z and so L =
KZ. Since a,b,c € L, a = xz1, b = yz9 and ¢ = zz3, for some z,y,z € K, and
21,22,23 € Z. Then z = az ! = [(a®*T1?8)c?]s® € K. Since L is a 2-loop,
la| = 2! for some t. By the Division Algorithm, there exist integers m and n such
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that m(2a+1)+n2! = 1. Thusa = a™2e+1) “and so, since a2, b2, ¢? and s are central,
' = 2™ = (ab®?)cP™ 5™ ¢ K. In a similar manner, starting with y = bz ™! and
z = cz37!, we find elements y' = (a®"b)c*s*t € K and 2/ = (a?°b*")cs? € K.
But then y” = (2/) 727y = pl—4mBc2r—Ammg2 ¢ K and, again using the Division
Algorithm, 4" = bc?"s¥3 € K. By a similar argument, we find 2" = b%cs? € K,
and then 2" = ((y")~22")" = ¢s?* € K. Using 2", we can then kill the ¢ term
from y", getting ¥ of the form bs** € K. Using first 2" and then y"”, we can
kill off first the ¢ and then the b terms from z’, getting x” of the form as*? in K.
Finally, (z”,y"") = (a,b) = s, s0 s € K and then a, b and ¢ are in K. But a, b and
c generate L, so K = L is not a proper subloop. Therefore, every proper subloop of
L is associative, and so L is MNA. O

Corollary 4.13. The family of Moufang loops with at most one nontrivial commu-
tator has Property 31.

We also have the following theorem.

Theorem 4.14. If L = M(G, *, g9) is a Moufang loop which can be generated by
three elements and which is centrally nilpotent of class 2, then L is an RA loop.

Proof. Since L is centrally nilpotent of class 2, L/Z (L) is an abelian group. There-
fore, for all x,y € L, (z,y) € Z(L). Since Z(L) C G by Lemma 3.6, G/Z(L) is
well defined. Since G/Z(L) C L/Z(L), G/Z(L) is also an abelian group. There-
fore, G/Z(G) = (G/Z(L))/(Z(G)/Z(L)) is an abelian group as well. Thus, G
is also nilpotent of class 2 (if it were abelian, then L = M (G, *,go) would be
associative). Let g,h € G. Since g,h € L, (g,h) € Z(L) = {z € Z(Q) |
z* = 2}, by Lemma 3.6. Since * is an involution, (¢71)* = (¢*)7}, so (g9,h)* =
(g7thtgh)* = h*g*(h*)"Yg*)" = ((h*)71,(¢*)7!). Now gg* and hh* are cen-
tral in G, so ((h*)~",(¢")7") = (hh*(h*)~, 99" (¢*)~") = (h,9) = (9,h)~". Thus
(9,h) = (g,h)* = (g,h)~ !, so (g9,h)? = 1. Using standard commutator identities
[Hal59, p. 150], (¢%,h) = (g,h)((g,h),9)(g,h) = (g9,h)?> = 1, the second equation
holding since (g, h) is central in G. Thus ¢g? € Z(G). Since this holds for any g € G,
G/Z(G) is an elementary abelian 2-group.

Since L can be generated by three elements, we can apply Lemma 3.8. Thus
there exist elements g,h € G, (g,h) # 1, and v = ku € Gu such that L = (g, h,v)
and G = (g, h,gg*,hh*, kk*go). Let H = (g,h). Since squares are central in G,
they are central in H. Therefore, by Lemma 2.1, H/Z(H) = Cy x Cs. Since G =
(g, h, g9, hh* kk*go) C HZ(G) C G, G = HZ(G), and it follows that G/Z(G) =
H/(HNZ(G)) = H/Z(H) is also Cy x Cy. By [GIM96, Proposition I11.3.6], the
group G has a unique nonidentity commutator and a certain “lack of commutativity”
property, so, by [GJM96, Corollary I11.3.4], L is an RA loop. O

Corollary 4.15. The family of loops of the form M (G, *, gy) which are centrally
nilpotent of class 2 has Property 31.

Remark 4.16. Example 4.2 shows that the assumption that the nilpotence class is 2
is critical. The loop M (Dsg,2) can be generated by three elements, is indecomposable
and centrally nilpotent of class 3, but is not MNA.
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So far, all of the MNA loops considered in this paper are centrally nilpotent
of class < 2. This raises several questions: Must every MNA loop be centrally
nilpotent? If an MNA loop is centrally nilpotent, must its nilpotence class be < 27
The answer to both of these questions is "no”.

Ezample 4.17. The loop L = M(Bs,2) is MNA but not centrally nilpotent, where
Bjs denotes the Burnside group of order 27 and exponent 3. That L is MNA follows
from Theorem 3.12, since Bj is clearly MM. That it is not centrally nilpotent follows

from Lemma 3.6, since the fact that Bs contains no elements of order 2 means that
Z(L) is trivial.

Example 4.18. There are five MNA loops of order 32 which are centrally nilpo-
tent of class greater than 2. In the notation of [Che78], these are Msa(16I'2d,2),
M39(1,3,7,2,4,6), Ms2(3,3,5,4,4,0), Ms2(3,3,5,4,4,2) and M32(5,7,7,2,4,2).
These are clearly centrally nilpotent, as they are 2-loops. To see that these are MNA
and not nilpotent of class 2, it is simplest to check [GMR99], where they are denoted
by 32/6, 32/26, 32/29, 32/30 and 32/36. In each case, the subloops of index 2 are
all associative (assuring that they are MNA) and the commutator subloop properly
contains the center (assuring nilpotence class greater than 2) which happens to coin-
cide with the associator subloop. Here, we will consider only the first of these loops,
L= M(G,2), where G = 16T's2d = {x,y | 2% = (vy)? = 1,y? = 2?). Since squares are
clearly central in G, it is easily seen that G is MM, and so L is MNA by Theorem 3.12.
On the other hand, Z(G) = (x2), so Z(L) = (x*), by Lemma 3.6. In L, uz = ™ 'u =
2w, soin L/Z(L), uZzZ = 2" ZuZ = 23 ZuZ # xZuZ. Thus, L/Z(L) is not com-
mutative. Therefore, L is not nilpotent of class 2. (It is not hard to describe L/Z(L).
Observe that G/Z(L) = (x,y | 2* = (zy)? = 1,y? = 2?) = Dy, which is abelian since
zyzy = 1, z* = 1 and y? = 22 imply that yor = 21y~ = 23y~ = zy. Let z = xv.
Then, G/Z(L) = (x,z) = Cy x Ca. Since the inverse map is still an involution on
G/Z(L), L/Z(L) = M(G/Z(L),2), which is associative, since G/Z(L) is abelian. In
fact, L/Z(L) = (z,z,u | 2* = 22 = u? = (2,2) = (u,2) = L,uz = v~ u) = Dy x Cs.
This is nilpotent of class 2, so that L is nilpotent of class 3. In fact, the other four
loops listed above are nilpotent of class 3 as well.)

Example 4.18 raises a new question: Do there exist nonassociative Moufang loops
of arbitrary nilpotence class which are MNA? The answer yes, as the following lemma
shows.

Lemma 4.19. For any positive integer n, let Gy, be the group Gy, = (x,y | 22" =
Ly? =22 (z,y) = $2n71>. Then L, = M(G,,2) is an MNA Moufang loop which is
centrally nilpotent of class n.

Proof. To prove that L, is centrally nilpotent of class n, we proceed by induction
on n.
Forn=1,Gy = (z,y | 2> = y* = 1,(x,y) = z). Since 22 = 1 and (x,y) = =, we
have z = 1, G; 2 (5, and L1 = Cy x (5, which is an abelian group.
Suppose that Ly is centrally nilpotent of class k. G111 = (x,y | 22 = YT =
? ! lzy = (z,y) = ¥

22, (z,y) = :172k>. Since y? = 22, v lyay ! = o7 ly~
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yxr = x2k+1y. Thus, every element of Gj11 can be expressed in the form z"y®, and,
since y? = x2, we can assume that 0 < s < 1. Also, since y? = 22, 2%y = y?y =
yy? = ya?, so 2% is central. On the other hand, since (z,y) # 1, neither x nor y
is central, and neither is 2y, since (zy,x) = (y,2) # 1. Thus Z(Gjy1) = (22). By
Lemma 3.6, Z = Z(Lis1) = (2 € Z(Grp) | 22 = 1) = (2.

Let a = 2Z, b = yZ and v = uZ be the images of z, y and v in Ly,1/Z. Then
0¥ =227 =17, 12 = y*Z = 2°Z = a2, and (a,b) = (2Z,yZ) = (v,9)Z = 2* Z =
a?*, so that (a,b) = Gy.. (Note that a” # 17 for r < k+ 1, since 2" ¢ Z for such r.)

Furthermore, for ¢,d € (a,b), c = gZ and d = hZ for some g,h € (z,y). There-
fore, c(dv) = g(hu)Z = (hg)uZ = (dc)v; (cv)d = (qgu)hZ = (gh ™ uZ = (cd 1)v;
and (cv)(dv) = (qu)(hu)Z = h='gZ = d~lc. Thus, Ly 1/Z(Lps1) & M(Gy,2),
which, by the induction hypothesis, is centrally nilpotent of class k. Thus Ly, is
centrally nilpotent of class k 4+ 1, completing the induction.

To see that L = L, is MNA, it is enough by Theorem 3.12 to see that G = G,
is MM. But every element ¢ € G can be expressed in the form g = z"y*, so ¢° =
22"y (2,y)"™ € (2?) = Z(G). Thus, squares are central and G/Z(G) = Cy x Cy. In
addition, the order of g divides the order of x which is 2", so G is a 2-group.

If H is any subgroup of G, let H be the image of H in G/Z. If H is a proper
subgroup, then it is cyclic and H is abelian. On the other hand, if H = G/Z,
then G = HZ and so ¢ = hz, for some h € H, z € Z = (z?). Therefore, h =
xz~l =221 ¢ H. But H is a 2-group since G is, and so, again using the Division
Algorithm as above, x € H. A similar argument shows that y € H, so that H = G
is not proper. Thus every proper subgroup of G is abelian, and so G is MM and L
is MNA. O

We conclude with the following result which suggests a possible approach toward
finding all centrally nilpotent MNA Moufang loops of a given class provided that
one knows all those of smaller class.

Theorem 4.20. If L is an MNA Moufang loop with center Z, then L/Z is either
associative or MNA.

Proof. Let K be a proper subloop of L/Z, and let K be the full preimage of K in
L. Then K is a proper subloop of L and so, since L is MNA, K and hence K are
associative. Thus every proper subloop of L/Z is associative, and so L/Z is either
associative itself or it is MNA. O
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