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1. INTRODUCTION

When radiation strikes a surface separating two homogeneous media I and II
with different refractive indices, part of the radiation is transmitted through media
IT and another part is also reflected back into media I. It is even true that at normal
incidence a small percentage of radiation is internally reflected. The amount of
radiation transmitted and reflected depends on the angle of incidence, and it can
be calculated using the Maxwell equations of electrodynamics and is explicitly
given by the Fresnel formulas, see the classical and fundamental book by Born
and Wolf Section 1.5]. Indeed, if media I and II have refractive indices
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np and n, respectively, and if an incident wave propagates with unit direction x
and the transmitted wave has unit direction m, then the percentage of internally
reflected energy can be conveniently written for our purposes as

1 2k 2 I 2 P
= -1+ 2] +|1-2kx-m+x* =
") (1—1<2)2([x-m SR [1-2ex-m+ ] P+ B

where x = n,/n;. Therefore the percentage of energy transmitted is #(x) = 1 — r(x).
This expression for r follows from the classical Fresnel formulas and the Snell law,
see Section[d Here I, and I are the coefficients of the amplitude of the incident
wave, which might depend of x in a continuous way. It is important to notice
that from the Snell law, x — km = A v, where v is unit normal to the surface at the
striking point and A > 0. This implies that the function r(x) is a function only
depending on x and the normal v.

In this paper we consider the problem of constructing a surface interface of
media I and II in such a way that both the incident radiation and the radiation
we want to transmit are prescribed, and the splitting of energy described before
is taken into account. Indeed, we propose the following new model. Suppose
we have f € L}(Q) and ¢ € L}(Q)"), both Q, " are domains in the sphere in R,
the space with physical significance for our problem. The question is to find a
surface R parameterized by {p(x)x : x € Q} that separates media I and II such that
each ray emanating from a point source, the origin, in the direction x € () with
intensity f(x) is refracted into a direction m € ()" and received with intensity g(m).
From the Fresnel formulas a surface R is only able to transmit in the direction x
an amount of energy equal to

f)Hx)

where t(x) is defined above, since the amount f(x)r(x) is reflected back. As we
said, the function t(x) depends of course on the surface R but only through x and
the unit normal vector v = v(x) at the striking point. Since we will be seeking
for refracting surfaces R, which, in particular, are convex or concave, the normal
vector v(x) exists for almost every direction x. Also t(x) = G(x,v(x)), with a
function G(x, x") continuous in Q) X (O*and so f is defined for a.e. direction x. We
then propose the following model: the refracting surface R is a solution to our
problem if

(1.1) f(x)t(x)dx > fg(m) dm
TR(F) F

for each Borel subset F C Q. Here 7&(F) is the collection of all directions x € Q
that are refracted into a direction in the set F, see Section 3| We prove that if R is
a refractor, then the function t(x) is continuous relative to the set Q \ S, where S
is the set of directions where p is not differentiable, i.e., |S| = 0, see Proposition
Therefore f(x) is measurable and so (1.1 is well defined. Since a fraction of
the energy is used in internal reflection, to be able to transmit and receive g(m) a
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Ficure 1. Refracted and reflected vectors

little extra energy will be needed at the outset. A refractor R will be admissible to
transmit the amount g if

(1.2) fo(x) t(x)dx > fQ g(m)dm.

Since a priori we only know f, ¢ and not R, we do not know if this is satisfied.
In order to make sure this is the case, it can be proved that, for example, if
ny/ny = k¥ < 1, then r(x) < C. < 1 for all x € Q such that x - m > x + g} where

€ > 0 and with C. independent of R, see Subsection So if we assume that the
input energy is sufficiently larger than the output energy, then holds. More

precisely, if
1
>
fo(x)dx_ 1—C. L*g(m)dm,
then (1.2) holds.

Figure(l|represents an arc of ellipse separating glass and air, x = 2/3, where the
refracted and reflected directions are multiplied by the Fresnel coefficients t(x) and
r(x) respectively. Figure 2| represents all the refracted vectors in an ellipse having
the uniform refraction property, i.e. all rays are refracted into a fix direction,
where the refracted vectors are multiplied by the Fresnel coefficient ¢(x). Notice
that the size of the refracted vectors close to the critical angle, i.e., x - m = x tend
to zero.

With this model we solve our problem, that is, we show existence of solutions,
even for Radon measures u instead of g. The basic geometry of the refractors is
described in [GH09] and depends on «. Indeed, the surfaces having the uniform
refracting property are semi ellipsoids if ¥ < 1 and one sheet of hyperboloids of
two sheets if ¥ > 1, see Lemma A difficulty in our case is the presence of the
coefficient £(x) in (1.1). This prevents us to use the optimal transportation methods

“We recall that the physical constraint for refraction is that x - m > « for k¥ < 1, see Lemma
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Ficure 2. Refracted vectors for an ellipse refracting into a fixed direction

used in [GHO9]. The route used now is to solve first the problem when the right
hand side is a linear combination of delta functions and then proceed by approx-
imation. To carry out this we need to understand how the Fresnel coefficients
evolve when a sequence of refractors converge, see Section 5} In Section [4, we
briefly review how to obtain the Fresnel formulas and prove estimates of the Fres-
nel coefficients. In addition, we show in Section [§|that the surface solution to the
problem satisfies an inequality involving a fully nonlinear pde of Monge-Ampere
type.

To place our results in perspective, we enumerate some related results in this
area. The refractor problem assuming energy conservation, i.e., #(x) = 1 in (L.I),
was considered for the first time in [GHQ9] for the far field case, and [GH10] for
the near field case. For reflectors also assuming energy conservation, see [CO08]],
[Wan96]], [CHO09], [CGHO8] for the far field problem, and [KO97], and [KWO08] for
the near field.

We believe this paper is the first contribution to construct a refractor taking into
account the energy used in internal reflection.

2. PRELIMINARIES

2.1. Reflection and transmission. Let I' be a surface in IR” that separates two
homogeneous and isotropic media I and II where radiation propagates with ve-
locities v; and v,, respectively. The refractive index of media I is n; = c/v1, where c
is the velocity of propagation of light in vacuum; similarly for media II, n, = ¢/v;.
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If a light ray with direction x € S"™! travels through I and strikes T at the point
P, then this ray is split into two rays with directions:

(a) r=ray reflected inside media I (internally reflected),
(b) m=ray refracted or transmitted inside media II;
all are unit vectors. The internally reflected ray satisfies x —r = 2(x - v) v, where v

is the normal unit to I" at P in the direction of medium II, and - is the Euclidean
inner product. For the transmitted ray m we have

ny (x Xv)=ny, (mxv).

So all vectors x,v,r and m are coplanar. If 6; = angle between x and v, the inci-
dence angle, and 0, = angle between m and v, the refraction angle, then we get
the familiar expression of the Snell law of refraction: n; sin 0; = n, sin 0,. So the
vector nix — npm is parallel to the normal v. That is, if ¥ = n,/n;, then we have the
Snell law in vector form

(2.1) x—xm=Av,

for A = d(x-v);d(t) =t —« \/1 —k72(1 - t?).
We recall the following physical conditions for refraction, [GH09, Lemma 2.1].

Lemma 2.1. Let ny and ny be the indices of refraction of two homogeneous media I and
11, respectively, and x = ny/ny. Then a light ray in medium I with direction x € §"!
is refracted by some surface into a light ray with direction m € S™' in medium II if and
only if m - x > x, when x < 1; and if and only if m - x > 1/x, when x > 1.

It is important to determine the surfaces that have the uniform refracting prop-
erty, that is, those that refract all rays emanating from the origin into a fixed
direction, see [GHO9, Section 2.2]. These surfaces geometrically depend of the
value of k. For x <1and b > 0, let E(m, b) be given by

(2.2) E(m,b) = {p(x)x : p(x) = H%, xe S x-m>«).

2xb

— sz. If on

This surface describes a semi-ellipsoid with axis m and foci O and 7
the other hand, ¥ > 1, define for b > 0

(2.3) H(m,b) = {p(x)x : p(x) = xeS™ x-m>1/k).

km-x—1"
Then H(m, b), is the sheet with opening in direction m of a hyperboloid of revolu-
tion of two sheets with axis m and foci at O and sz.

The uniform refraction property is then given by the following lemma.

Lemma 2.2. Let ny and ny be the indexes of refraction of two homogeneous media 1
and 1I, respectively, and x = ny/ny. Assume that the origin O is inside medium I, and

E(m,b), H(m, b) are defined by and (2.3), respectively. We have:
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Ficure 3. Refracting property in the ellipse

(i) If « <1 and E(m, ) is the interface of media I and 1I, then E(m, b) refracts all
rays emitted from O into rays in medium II with direction m.

(ii) If « > 1 and H(m, b) separates media I and 1I, then H(m,b) refracts all rays
emitted from O into rays in medium 11 with direction m.

Figure 3|illustrates the uniform refraction property in an ellipse with ¥ = 2/3,
that is, the ellipse is made of glass and outside is air.

3. REFRACTOR MAPPINGS AND PROPERTIES
Let Q) and Q" be two domains of the unit sphere S"1 of R" with [9Q)]| = 0.

3.1. Case « < 1. Suppose medium I is denser than medium I, so k¥ = n,/n; < 1.
Suppose that () and )" satisfy the property that

inf m-x>x.
meQ)*,xeQ)

Definition 3.1. A surface R in R" parameterized by p(x)x with p € C(Q) is a refractor
from Q) to O if for any x, € Q) there exists a semi-ellipsoid E(m, b) with m € ()* such that

b — ,
p(x,) = Tp— and p(x) < 1_Kmfor all x € Q. We call E(m, b) a supporting

semi-ellipsoid to R at x,.
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Definition 3.2. Given a refractor R = {p(x)x : x € Q}, the refractor mapping of R is the
multi-valued map defined for x, € Q by

Nr(x,) = {m € Q° : E(m, b) supports R atp(x,)x, for some b > 0}.
Given m, € Q* the tracing map of R is defined by
Tr(my) = {x € Q : m, € Ng(x)}.

We now prove some basic properties about the refractor and tracing mapping,
see [GHO9, Section 3.1]. We have that Ng(Q) = Q, because for m € ()* we let

: ) b -
bo —mf{b.p(x) < 1 _Kx.m,\v’xe Q}

and E(m, by) supports R at some x € Q.
Lemma 3.3. Any refractor is globally Lipschitz on Q.

Lemma 3.4. Ifm € Q, then Tx(m) is closed in Q.

Lemma 3.5. We have
(i) [T=rE)] € Tr(F°) forall F C Q*, with equality except for a set of measure zero.
(ii) Theset C = {F c Q" : Tx(F) is Lebes que measurable} is a 0— algebra containing
all Borel sets in ().

The following lemma is not proved in [GHO09] and it will be used later.

Lemma 3.6. Let R; = {pj(x)x : x € Q}, j = 1 be refractors from Q to Q. Suppose that
0 <ay <pj<azand p; — p uniformly on Q. Then:
(i) R:=={px)x:x¢€ Q}isa refractor from Qto Q).
(ii) For any compact set K C Q)
lim sup T,(K) € Tw(K).

]—00

(iii) For any open set G C (',
Txr(G) C lim infTRj(G) usS,
j—o0
where S is the singular set of R.

Proof. (i) Obviously p € C(Q) and p > 0. Fix x, € Q. Then there exist m; € Q' and
b; > 0 such that E(m;, b;) supports R; at p(x,)x, and thus

___ b d . b
P = Ty S T



8 C. E. GUTIERREZ AND H. MAWI

for all x € Q. Consequently
b; b;

———<a and 4 <———

1—xm;-x, 1—xm;-x
for all j and therefore

a1(1 - K) < b]' <a

for all j. If need be by passing to a subsequence we obtain m, and b, such that
m; — m, € Q* and b; — b,. We claim E(m,, b,) supports R at p(x,)x,. Indeed

| _ b, b,
P(xo) = ll?lp]'(xo) - 11?1 1- KM - X, 11— KM, + X,

and

b; b
— Tim p;(x) < li L=
p(x) 1§npf(x)—1§n1—1<mj-x 1—xm,-x

for all x € Q. Thus R is a refractor.
(ii) Let x, € lim sup 7g,(K). Without loss of generality assume that x, € 7T, (K)
for all j > 1. Then there exist m; € Ng,(x,) N K and b; such that
b; 4 b
pix0) = 1= om0 pit0) < 72 P,

for all x € Q. As in the proof of (i) we may assume that m; — m, € Kand b; — b,
and conclude that E(m,, b,) supports R at p(x,)x,, proving that x, € 7&(m,). Hence
X, € Tr(K). .

(iii) Let G be an open subset of (). By (ii) limsup 7&(G") C Twr(G") as G* is
compact. Also
(3.4) lim sup[Tx,(G)]° C lim sup{[T,(G)]° U [Tx,(G) N Tx(G)]}

j—oo j—oo

and by Lemma [3.5 the right hand side of is equal to limsup, ., Tx,(G). By
(ii) we will then have

limsup[7T,(G)]° € Twr(G") = {[T=(G)]" U [T=(G) N T=(G)]}.

]—}OO
Taking complements we obtain
{limsup[7=,(G)I}* 2 [T=(G)] N [Tw(G) N Tr(G)]".

j—00
Consequently
liminf 7,(G) D [T&(G)] N [T&(G) N Tw(G)]
]—)OO
and thus

[I7%(G)] N [TR(G) N T=(GIITUS € liminf T, (G) U S
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But 7x(G) N Tr(GS) € S. Thus
TR(G) C TR(G) U S C liminfT%,(G) U S
j—o0

as required. O

Lemma 3.7. Let f € L'(Q). The set function defined by

Gg(F) = f(x)dx

Tr(F)
is a Borel measure in (*.

Lemma 3.8. Let R = {p(x)x : x € Q) bea refractor from Q to Q such that inf 5 p(x) =
1. Then there is a constant C such that

sup p(x) < C.

xeQ
Proof. Suppose inf 5 p(x) is attained at x, € Q, and let E(m, b,) be a supporting
semi-ellipsoid to R at p(x,)x,. Then

p(x,) = and p(x) < _ b Vx e Q.

1—xm,-x, 1—xm,-x

From the first equation we get that b, = 1 — xm, - x, < 1 + x and using this in the
inequality we obtain

p(x) < 1i§ forallx e Q

and this proves the lemma. O

3.2. Case x > 1. We have in this case that medium II is denser than medium I.
Suppose that () and ()" satisfy the physical property that

(3.5) meg}iegm x>1/k+e€

for some € > 0.
The set up when x > 11is similar to the case ¥ < 1, a main difference is to use the
semi-hyperboloids H(m, b), defined by in place of the semi-ellipsoids E(m, b).

Definition 3.9. A surface R in R" parameterized by p(x)x with p € C(Q) is a refractor
from Q to Q for the case x > 1 if for any x, € Q there exists a semi-hyperboloid

H(m,b), m € Q" such that p(x,) = # and p(x) > Lfor all x € Q. We
call such H(m, b) a supporting semi- hyperbolozd to R at p(xo)xo or szmply at x,.

The refractor mapping of R and the tracing mapping of R are also defined
similarly.
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Definition 3.10. Given a refractor R = {p(x)x : x € QJ}, the refractor mapping of R is
the multi-valued map defined by for x, € Q

Nr(x,) = {m € Q : H(m,b) supports R at p(x,)x, for some b > 0}.
Given m, € Q the tracing mapping of R is defined by
Tr(m,) ={x € Q:m,€ Naz(x)}.

Similar statements to those mentioned in Subsection with similar proofs,
also hold in this case.

4. FRESNEL FORMULAS

Electromagnetic radiation can be represented as a plane wave of the form
- X
E(r, t) = Acos(a)(t — rT) + 6),

where A is a constant vector in IR® called amplitude vector, r is the vector position
in IR, t represents the time, v is the velocity of propagation in the media, x is the
unit direction of propagation, w is the angular frequency, and 6 is the phase, see
[BW39, Chapter 1]. It follows from the Maxwell equations that the field E(r, ) is
perpendicular to the direction of propagation, that is, E(r,t) - x = 0. A plane wave
emanates from the origin with unit direction x, the incident wave, traveling for a
while in media I and strikes a surface I' separating media I and II at point P. Then
the wave is split into two waves: a transmitted (or refracted) wave propagating
on media I and a reflected wave propagated back into media I. Suppose v is the
normal to I" at P in the direction of media II. Consider I the plane containing the
vectors x and v which is called the plane of incidence. Let 0; be the angle between
these vectors (the incident angle), and take a right hand orthonormal system of
coordinates {a, f, v} with origin at P such that the vector a lies on I'l. We can write
x =sinO;a+cosO;vand A =aa +bp +cvand since A - x = 0, we have that

A=—ccosO;a+Dbp+csin0;v.

It is customary to call b = I, the perpendicular component because the vector bf
is perpendicular to the plane of incidence, and ¢ = I, the parallel component, see
[BWS59, Section 1.5]. In addition, since the amplitude vector may depend on the
direction of propagation, we have that

A(x) = =Ij(x) cos 0; a + I, (x) B + [(x) sin 0; v,
so in general the incident plane wave has the form
E'(r, t) = A(x) cos (a) (t - rv_x) + 6),
1

where v, is the velocity of propagation in media I. From the Maxwell equations
this field gives rise to a magnetic field B(r, t) that is also perpendicular to the
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direction x of propagation and is also perpendicular to E'(r,t), and having the
form

Bi(r,t) = vll (—I.(x)cos ;a0 — [(x) B + I, (x) sin O; V) cos (a) (t - %) + (S).

Let us now introduce m, the direction of propagation of the transmitted wave, and
let 6; be the angle between the normal v and m. Similarly, if s is the direction of
propagation of the reflected wave, then 0, is the angle between the normal v and
s. We have from the Snell law of reflection that s = sin9, a + cos 6, v = sin 6; @ —
cos 0;v. Then the corresponding electric and magnetic fields corresponding to
transmission are

E'(r,t) = (-Tcos 6;a + T,B + T sin 0; v) cos (a) (t - rv_m)) = E(t) cos ((‘) (t - l‘v_m))
5 2

1 m —
Bi(r,t) = . (-TLcos6ra—Typ+ T, sin0;v) COS(“) (t -= m)) =B Cos(w( B rvm));
) 2

and similarly the fields corresponding to reflection are

E'(r,t) = (-Rjcos 6, a + R, B + Rsin 6, v) cos (cu (t - rv_s)) = E| cos (a) (t - 2))
1

1 ) .
B'(r,t) = o (-R_cosB,a—RB+ R, sin6,v) cos(a)(t - %)) =B cos(a)(t - 2))

Taking into account the Maxwell equations in integral form and the continuity
of the tangential components of the electric and magnetic fields at the interface
surface I', one gets (see [BW39, Section 1.5.2]) the Fresnel equations expressing
the amplitudes of the reflected and transmitted waves in terms of the amplitude
of the incident wave:

B 2n; cos 6;
T = , I
1, cos 0, + ny cos 6;
2n1 cos 6;
TJ_ — 1
ny cos 6; + n, cos 6;
Ry = 1, cos 6; — ny cos 6;
I 1, cos B; + ny cos 6; I
ny cos 8; — n, cos 6,
RJ_ =

1
1y cos 0; + nycos 0;

where n; = ¢/v; and n, = ¢/v,.
It is convenient for our analysis to rewrite these equations in terms of the
directions x and m. Indeed, we have cos9;, = x-v and cos8; = m - v; and set
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K = np/ny. From the Snell law x — xm = Av, so the Fresnel equations take the form

T = 2x-v I = 2x-(x —km)
e kx v+m-v ||_(1<x+m)-(x—1<m) I
2x-v 2x-(x —xkm)
TJ_:— 1= 1
X-v+xm-v (x+xm)-(x —xm)
R _Kx-v—m-vl _(Kx—m)-(x—Km)I
I kxvemev ”_(Kx+m)-(x—1<m) I
X-V—Km-v (x —xm)-(x —xkm)
RJ_: =

x-v+xkm-v o (x+xm)-(x—rm)

Notice that the denominators of the perpendicular components are the same and
likewise for the parallel components.

The reflection and transmission coefficients, that is, the percentage of energy
transmitted and reflected, are given by

R:ZZ E—6|2 andT:]_t:—nZCOSGt @2
Ji |Ei|) 7 Ji nycosO; \[E} ’

0
see [BW59, Section 1.5.3]. By conservation of energy or by direct verification
R+T =1.

We then have from Fresnel’s equations that

(1<x—m)-(x—1<m)]2 5 [(x—Km)-(x—Km)]2 )

{%F:Rﬁ+Ri:[Wx+n04x—Km) G+ xm) - (x—xm)|

and so

R

mgz ﬁ+Ri
(uay) T R+E
(kx—m)-(x—xm] I (x—xm)-(x—xm] I
(xx+m)-(x —xm) Iﬁ+1i+(x+1<m)-(x—1<m) Iﬁ+li

1 2K 2 I 2 P
= - 2] 1-2xx- 27 £
(1—1(2)2([3(-111 (1+%) 1ﬁ+1§+[ REMEE] o

which is a function only of x - m, and also of x if the perpendicular and parallel
components depend on x. In principle the coefficients I and I, might depend
on the direction x, in other words, for each direction x we would have a wave
that changes its amplitude with the direction of propagation. The energy of the
incident wave would be f(x) = [Ej|* = I;(x)* + I.(x)*. Notice that if the incidence

2
is normal, that is, x = m, then R = ( o K) which shows that even for radiation

normal to the interface some energy is used in reflection. For example, if we go
from air to glass, n; = 1and n, = 1.5, we have k¥ = 1.5s0 R = .04, which means that
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4% of the energy is lost in internal reflection when incident radiation is normal to
the interface.
Let us introduce the following notation

1 2 2

(4.6) P(s) = a=2p ([?K -1+ Kz)] a+[1-2xs+ Kz]z ﬁ),
Iy(x)? Ly

T + 1) andp = Iy + I (>

on x continuously. We then have

(4.7) Ox-m) =R.

We notice that from the Snell’s law

wherea = We further assume a and  depend

xX—xm=Av
with
(4.8) A=W(x-v) where W(t) =t—x+/1-x2(1-8).

So we can write

x-m:l(l—Ax-v):l(l—‘l’(x-v)x-v).
K K

Consequently, the reflection coefficient R, and therefore the transmission coeffi-
cient 7" are both functions of x - v, that is, the direction of propagation and the
normal to the interface surface, that is,

(4.9) R:q)(%(l—\lf(x-v)x-v)); T:1—¢)(%(1—‘I’(x-v)x-v)).

4.1. Estimation of the Fresnel coefficients. For later purposes we need to esti-
mate the function ¢. WehaveO <a,f <land a +p = 1. Set

o) = [ZTK — 1+ K2)]2, h) = [1-2ct+2],

1

so @(t) = -y (8(t) a + h(t) ).
1

2
Case x < 1. Suppose k + € <t < 1. We have ¢'(t) = -4« [TK -(1+ K2)] 7 SO

2 2
g’(t)>0fort>TKKZ,andg’(t)<0fort< 7 K Since k < 1, we have k + € <

+ K2
2 2
K < 1 for € > 0 small. Therefore, ¢ decreases in the interval [k + €, —K],
1+ x2 1+ %2

and g increases in the interval [1— 1]. Hence

+ k2’
max g(t) = max{g(x + €), g(1)}.

[k+e,1]
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We have that g(1) = (1 - x)*, and g(x + €) > ¢(1) for € small, so
max g(t) = g(x +¢€).

[k+€,1]

+ 12

2K

> 1, the function & is decreasing in the interval

On the other hand, #/(t) = —4x [1 — 2kt + ], and so I/(t) > O for t > ! and
2 2

. Since

() < 0fort < L0~

[x +¢€,1] and so
max h(t) = h(x + €).

[k+e1]

Therefore we obtain that

< -
max o) < 7oy

It is easy to see that

(ag(k+e€)+Bh(x +e)).

gk +e)<(1-x»?, and h(k+e) < (1-x%)?
and so we obtain the bound
max ¢(t) < Ce <1,

[x+e1]
with

B gk +e€) h(k+e)
(4.10) Ce = max{(1 — R (1= K2)2}

1-%x\
1+ K)
as € — (1—-x)~. Alsonotice that the function ¢ in is in general not decreasing
in the interval [« + €, 1], that is, one can choose a close to one and g close to zero
with a + f = 1, so that this is the case.

independent of @ and . We notice also that C. —» 1ase€ — 0%, and C. — (

Case x > 1. For € small we have l +e<

T3 < 1, so as before, g decreases in
K K

K K
>], and g increases in the interval [1— 1]. Hence

. 1 2
the interval [~ + €, —— 5
K 1+x + K

1
1) = — ,e(1)y.
(max () =max{g( +e) 5}

Since now x > 1 we have that ¢(1) < ¢ (% + e), for € small, and so

max g(t) = g((1/x) + €).

[(1/x)+e1]
2

Since we always have > 1, the function & is decreasing in the interval

[(1/x) +€,1] and so

h(t) = h((1 +e€).
A (t) = h((1/x) +€)
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Therefore we obtain that
(el Pt) < (1- 2)2 (ag((1/x) +€)+Bh((1/x) +¢€)).

It is clear that ¢((1/x) + €) < (1 — x?)?, and h((1/x) + €) < (1 —x*)* when 0 < € <
1 - (1/x). So we obtain the bound

max ¢(t) < Ce <1,

[(1/x)+e1]
with
B 8((1/x) +€) h((1/x) +e)
(411) Ce - max{ (1 _ K2)2 4 (1 _ K2)2 }

independent of @ and .

Definition 4.1. A refractor R is a weak solution of the refractor problem with emitting
illumination intensity g on Q and prescribed refracted illumination intensity u on Q- if

f cR@)x > (@)
Tr(w)

for every Borel subset w of Q*. Here

(4.12) be(x) = 1 — qb( (1= W(x-v)x- v))

where ¢ and V are given by and [@.8)) respectively, and v is the outer unit normal to
Rat a.e. x € Q. Also T is defined with ellipsoids if k < 1 and with semi-hyperboloids if
x> 1

5. PROPERTIES OF THE ELLIPSOIDS

Suppose b = (by,---,by) has positive coordinates, m;,---,my are different
points in the sphere §"~!, and Q € §"" with inf,cq1<jon X - mj = k. We let

p(x) = min bi

1<isN 1 —xx - m;”
and R = R(b) = {p(x)x : x € Q}.

Lemma 5.1. If xy € 7 w(m;) and xq is not a singular point to R, then the semi-ellipsoid
E(m;, bj) supports R at the point x,.

Proof. Since m; € Ngz(xo), there exists a supporting semi-ellipsoid E(m;, b) to R at

the point x; for some b > 0. We prove that b = b;. Indeed, p(x) < ﬁ for all
- ]

- b .
x € () with equality at x = x,. Hence < : ,andsob < b;. If
1—xxg-m; = 1—xxo-m;
b < bj, then

b - bj
1—1<x-m]- 1—1<x~mj

p(x) < , VxeQ,
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by

This implies that there exists k # j such that
— KM - X

SO p(x) = mingy; 1
by

1—wxmyg-x
supporting ellipsoids to R with different axes 1, m;, and therefore x is a singular
point, a contradiction. m|

is a supporting ellipsoid at xp. This means that at x(, there are two

If at a point xo, the ellipsoids E(m;, b;) and E(my, by) support R(b) with my # m;,
then xo is a singular point, and therefore the points supported by two ellipsoids
with different axes form a set of measure zero.

Lemma 5.2. Let E(my, by) be a sequence of semi ellipsoids with my — m and by — b, as
k — oo. If zx € E(my, by) with zy — zp as k — oo, then zy € E(m,b), and the normal
Vi(zk) to the ellipsoid E(my, by) at zy satisfies vi(zx) — v(zo) the normal to the ellipsoid
E(m, ) at the point z.

Proof. Indeed, the equation of E(my, by) in rectangular coordinates is |z|—xmy-z = by,

. Z Z Z
then the normal vector at z is v¢(z) = ﬂ —xmy, and so V(zx) = |—k| — KMy — |_O| —Km
z Zk 20
which is the normal to E(m, b) at zy. The normal at z written in polar coordinates,

with z = pr(x)x has the form vi(x) = x — kmy so vi(x) — x — km = v(x), the normal
to the ellipsoid E(m, b). O

Proposition 5.3. Let R = {p(x)x : x € Q} be a refractor from Q to Q. Let S be the

singular set of p. Then the Fresnel coefficient tg(x) is continuous relative to the set Q\ S,
and therefore is a Lebesgue measurable function in Q.

Proof. We shall prove that r¢ is continuous. Suppose C; < p(x) < Cp, with C;, i =
1,2, positive constants. From (.9), rz(x) is a function ¢(x) = F(x, v(x)) which is
defined in Q) \ S where F(x, m) is a continuous function in € x ()*.

To prove that rg(x) is continuous we shall prove that it is both lower and upper

semicontinuous relative to the set Q \ S. For the lower semicontinuity relative to
the set O\ S, we shall prove that the set

E,={x€Q\S: ¢k <a}

is closed relative to Q\ S, for all &, that is, if Xj, Xo € Q\ S, with xj — xpand x; € Eg,

then x; € E,. First we claim that if x; — xo with x;,x; € Q \ S, then there exists a
subsequence x;, such that v(x;) — v(xg), as [ — oo. Let E(m;, b;) be a supporting
ellipsoid to the refractor at p(x;)x;. So

< —bj
pl) < 1—xm;-x
with equality at x = x;. Hence

C1(1 - K) < C1(1 — Km; - x]‘) < b]' < Cz(l - Km; - x]') < C2(1 - KZ).
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Therefore, there is a subsequence b;, — by > 0 and m; — mg, as | — oco. Then by
Lemma[5.2l we have the claim.

Now if x; € E,, then ¢(x;) = F(x;,v(x;)) < a, but from the claim, there exists a
subsequence x;, such that v(x;) — v(xy) as | — co. Then from the continuity of F
we are done.

O

Lemma 5.4. Suppose R; and R are refractors with defining functions p;(x) and p(x) and
corresponding Fresnel coefficients ¢; and ¢, respectively. Suppose p; — p pointwise in
Quwith Cy < pi(x) < Cyin Q for some positive constants Cy and C,. Let S be the union of
all singular points of all the refractors R; and R. Then for each y ¢ S there is subsequence

i (y) = P(y) as £ — oo,

— b;
Proof. Giveny ¢ Sand j, there exist b; > 0 and m; € Q* such that p;(z) < T;nz
_ j
for all z € Q) with equality at z = y. We then have that
b
CGGs———<G
1—xm;-y

and so
Cl(l - K) < C1(1 — Km; - y) < b]' < Cz(l — Km; - y) < C2(1 - KZ),

that is, b; is bounded away from zero and infinity. Therefore there exist subse-
quences b;, — b > 0, mj, - m € (), and so the semi-ellipsoid E(m, b) supports R
aty,soy € Tr(m). It y ¢ S, then the normal v;,(v) to the ellipsoid E(m;,, b;,) equals
the normal to the refractor R;, at y, and the normal v(y) to the ellipsoid E(m, b)
equals the normal to the refractor R at y. Since E(m;,, b;,) tends to E(m, b) as { — oo,
it follows that v;,(y) — v(y) for y ¢ S as { — oo from Lemma 5.2} Consequently

Pi.(y) = ¢(y) for y & 5.
The following theorem is needed in the proof of Theorem [6.10]

Theorem 5.5. Assume the hypotheses and notation of Lemma Let F c Q' compact,
Fj = Tg,(F), and ¢; are the Fresnel coefficients of R;. Then

(5.13) lim sup xr,(y)¢;(y) = P(y) limsup xr,(y),
]—)00 ]—)OO
(5.14) lim sup xr,(y)P;(y) < X7e) (V)P (Y),
j—oo
(5.15) lim sup f Xr,(X)j(x)g(x) dx, < P(x)g(x) dx,
jooo Q TR(E)

for y & S, the union of the singular sets of all p; and p. If F is any set contained in €Y,
then we also have

(5.16) liminf (1)) = §(3) lim inf xr, (1),
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forally ¢ S.

Proof. Let F* = limsup,, Fj = M2 UL F fy ¢ FY, then y € U Nk F;, that
is, y ¢ F; for all j > k and hence both sides of (5.13) are zero.
Fix y ¢ S. If y € F, then the right hand side of (5.13) equals ¢(y). If
limsup xr,(y)¢;(y) = B(y) > 0, then thereis a subsequence F;, such that }1_1)1010 xr, (V¢ (y) =
j—o0
B(y) > 0. Hence y € F;, for all ¢ sufficiently large. This means y € 7’73].[(13)
and so y € Tg;,(mj,) for some m;, € F for all ¢ sufficiently large. By compact-
ness there is a subsequence of m;, converging to some m € F, and therefore
y € Tx(F) and xr,(y) < X7xp(y) for £ large. Now from Lemma there is a
subsequence (depending on y) such that ¢;, (y) — ¢(y) as k — co. Consequently,

B(y) = 511_{?0 XFj, (y)gbj,k(y) = ¢(y), so we obtain that
lim sup xr,(1)Q;(y) < X7 (V)P(Y),

j—o0
and for y € F*. On the other hand, if y € F* and lim sup;_,, xr(y)Pi(y) =0,
then lime, xr, (¥)$),(y) = 0 for a subsequence, and y € Fj, for all £. Therefore
lim/ e ¢j,(y) = 0. Once again from Lemma limg 0 @, (v) = ¢(y) = 0 for a
subsequence. This completes the proof of (5.13). Inequality follows from
from reverse Fatou lemma.

It remains to prove (5.16). LetF. = liminf; . F; = Ui, (2 Fj. If y ¢ F., then the
right hand side of is zero; and y € (2, UjZ, FY, so there exists a subsequence
Fj, with xr, (y) = 0 for all £. Therefore lim/. xr, (¥)¢;,(y) = 0 and consequently
lim inf; e X7, (¥)P;(y) = 0. Soboth sides of are zero. Suppose now thaty € F..
There are two possibilities lim inf; . xr,(¥)$;(y) = 0 or liminf; . x£,(y)P;(y) > 0.
In the first case, there is a subsequence such that lim;_,« XE, (v)¢.(y) = 0, and
since y € F., xr,(y) = 1 for j large and so lim;« ¢;,(y) = 0. From Lemma
¢, (y) = ¢(y) as k — oo and so ¢(y) = 0. In case lim inf; xr,(¥)P;(y) = B(y) > 0,
we have liminf; .., ¢;i(y) = B(y) > 0 and so lim;_.., ¢;,(y) = B(y) and once again
from Lemma .4, ¢;, (y) — ¢(y) = B(y) as k — co and the proof is complete.

O

6. EXISTENCE OF SOLUTIONS WHEN k < 1
We prove existence first in the discrete case and then pass to the limit.
6.1. Existence of Weak Solutions when  is discrete. Let m;,m,, ..., my be dis-

tinct points in Q. Forb = (b1,...,by) with each b; > 0, we denote by R(b) the
refractor defined by

(6.17) R(b) = {p(x)x :x € Q, p(x) = min L}

1<i<N 1 — xm; - x

We have the following proposition.
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Proposition 6.1. Let S be the singular set of the refractor R = R(b), then

(6.18) Nz(Q\S) c{my,--- ,my}, forN>1,
and
(6.19) Ng(Q\ S) = {m}, for N=1.
Proof. Let xy ¢ S and let % be a supporting ellipsoid at x;. There exists j
b; b; . . .

such that p(xg) = Tpup—— and T—xm, x supports p. Since xg is not a singular
point of p, it follows that m = m;.

Equation (6.19) follows immediately form (6.18)) since Nz(€2\ S) # 0. O

The following is the main theorem in this section and shows existence when
is a discrete measure.

Theorem 6.2. Let g € Ll(ﬁ) with inf5 ¢ > 0, and let my, ..., my € Q, distinct points
withN > 2. Let fi,..., fy > 0,and suppose that p = Y| fi,,.. If inf X-mj > K+e€,

x€Q,1<j<N
and

(6.20) f g(x)dx > ! U
Q 1-C.
where C. given in (£.10), then there exists b, € RN and a refractor R = R(b,) such that

f g(X)tr(x)dx = f;
Tr(m;)

f g()tr(x)dx > f.
Tr(m1)

Therefore, R is a weak solution to the refractor problem with intensities g and u, that is,
frﬂ(w) g(@)tr(x)dx > p(w) for each Borel set w C QO and satisfies

(),

fori= .,N, and

(621) | Sl = e,

for each Borel set w C () with m; ¢ w.

Remark 6.3. If N = 1, then the problem might be overdetermined. We have
that R(b) equals the ellipsoid E(m,b;) for some b; > 0 all over Q. Clearly this
predetermines the value of tz(x) and so the value of fﬁ g(x)tr(x)dx, and therefore
we must have

(6.22) ‘fﬁ g(x)tr(x)dx > fi.

Thus it will not be reasonable to expect existence of a solution for values f; which
do not satisfy
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To prove Theorem [6.2] we first prove the following.

Lemma 6.4. Let W be the collection of b = (1,by,...,bn) with b; > 0 such that R(b)
satisfies

GR(b)(mi) = f g(X)tyg(b)(X)dx < fz f01’ i= 2, ce ,N.
TR (mi)

where the fi's and g are as in Theorem (6.2). Then

i W#0.
ii. Ifb=(1,by,...,bx) € W then
1
. < b
(6.23) 1+1<_b
fori=2,...,N.

Proof. (i.) If for some i # 1, E(m;, b), is a supporting semi-ellipsoid to R(b) at p(x)x
then

b < b — o) < 1 P
-2 " 1—wxm-x "YW 3T am x - 1-x
and so b < 1 + k. Therefore, if b; > 1+ « for all 2 < i < N, then E(m;, b;) cannot be
a supporting semi-ellipsoid to R(b) at any x € (), and therefore, from Lemma
the set Trp)(m;) is contained in the set of singular points of R(b) fori =2,--- N,
and consequently Ggrp,)(1m;) = 0 < fi. Hence taking b = (1, b,, ..., by) with b; > 1+«
for2 <i< N, yieldsb € W.

(ii.) First notice that if at a point x, the ellipsoids E(m;, b;) and E(my, by) support
R(b) with my # m;, then x, is a singular point, and therefore the points supported
by two ellipsoids with different axes form a set of measure zero. From this, we
have thatif b € W, then f; < Ggp,)(1m1). Indeed,

N
Z Grep)(m;)
p)

N
Z f () trp) (x)dx

i—1 Y Tro)(mi)

f (V) tr) (X)dx
UN TRre) (111)

fﬁ 8()trep) (¥)dx
1-C. d
(1-Co [ geoas

\%

\%

N
w@) =Y f

i=1
and so we have that

N
[fi— GR(b)(ml)] + Z [ﬁ - GR(b)(mi)] <0.
=2



THE REFRACTOR PROBLEM WITH LOSS OF ENERGY 21

IfbeW,
N

Z ﬁ - qua,)(mi) > 0.

i=2
Thus fl < qu(b)(ml). .

Suppose that R(b) = {p(x)x : x € Q}. We shall prove that there exists a point p(x,)x,
such that p(x,)x, € R(b) N E(my,1) and p(x,)x, ¢ E(m;, b;) for all i > 2. Otherwise,
T rwv)(m1) C S where S is the singular set of p. But then,

Grpy(m1) = f g(X)trpy(x)dx < f S trp)(x)dx = 0
Trep)(m1) S

contradicting the fact that f; > 0. Then

1 b;
<
—Kkmy X, 1—xm;-x,

p(xo) = 1

fori=2,...,N, from which we conclude that
1

1+«

foralli=2,...,N. O

Lemma 6.5. Let b; = (b],..., b)) and b, = (¥, ...,18) with b; — b, in RN as j — co.
Suppose R; = R(bj) = {pj(x)x : x € Q}and R, = R(b,) = {p(x)x:x € Q). Then, pj—p
uniformly on Q.

Proof. If x, € Q,

_ by

pj(xo) - p(xo) = p](xo) - 1= — for some l,
S B B - )|
- 1l-xmex, 1—xm-x,” 1-%x '

thus p; — p uniformly on Q.
O

Theorem 6.6. Let 6 > 0. Then Ggg,)(m;) are continuous in the region Ry = {b; : b; >
6,i=2,---,N}, forall1<i<N.
Proof. Let bj,j > 1 be a sequence in R; converging to b,. Suppose also that
R(b;) = {pj(x)x : x € Q} and R(b,) = {po(x)x : x € Q}. By Lemma , pj = p
uniformly on Q. Moreover for any x € Qand j > 1,

5 bl

<
1+x ~ 1—-xmy

— = Pl
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forsomel € {1,2,...,N}. Also

_ b/ 11
pj(x)_lrgg}ll—xmi-x_ 1—xmy-x~ 1-x

We thus obtain a;,a, > 0 such that 0 < a; < pj(x) < a, for all j and for all x € Q.

LetGc Q bea neighborhood of m; such that m; ¢ G for I # i. If x, € Trp,)(G) and
X, € S, there exists a unique m € G and b > 0 such that

b b _
,Oj(xo) = m and p]'(X) < m for all x € Q.

But by definition of R(b;), m = m; for some [ = 1,...,N. Thus m = m;. From this
we conclude that Txp)(G) C Trp,)(m;) U S. Combining this with Lemma iii.)
and the fact that S has measure zero, we obtain

f S(X)tRr(p,)(x)dx

TRbo)(G)

f 8(X)tr(p,) (x)dx
lim inf qu(b].)(mi)US

f () tr(p,) (X)dx + f () trep,) (X)dx
liminf qu(b].)(m,‘) S

ﬁ Xlim inf ‘77R(bj)(m,-) (x)g(x)tﬂ(bg) (x)dx'
Q
By applying equation (5.16), to equation (6.24) we get,

(6.25) f (V) tr@,)(x)dx < f_ Xiiminf g, () (¥) ER (o) (¥) § (X)X
T R(bo) (G) Q

IA

IA

(6.24)

It is also true that
Xliminf TR(bj)(m,') (x) = llm lnf X(T‘R(bj)(mi) (x) .

Using this in (6.25)), we obtain

f Z(X)trep,) (x)dx < f_ lim inf )(TR(b]_)(mi)(x)tR(b/)(x) g(x)dx
TRwo) (G) Q

from which we deduce by Fatou’s lemma that

f g(0)trp,)(x)dx < liminf ﬁ )(Tﬂ(bj)(mi)(x)tqg(bj)(x)g(x)dx
TRbo)(G) Q

= liminf f tRep;) (X)g(x)dx.
TR ) (mi)
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To complete the proof we shall prove that

(626) lim sup tqg(bj)(x)g(x)dx < f g(x)t;q(bo)(x)dx.

TR j)(mi) T Re)(G)

First notice that

lim sup f tqz(bj)(X)g(X)dx = lim sup f; )(77R(bj)(mi)(X)fﬂ(bj)(X)g(X)dx
TR j)(mi) Q

< ﬁlimsup)(TR(bj)(mi)(x)tyg(bj)(x)g(x)dx
Q

where the last inequality is due to reverse Fatou’s Lemma. By (5.13)) and the fact
that lim sup XTR(b]-)(mi)(x) = Xlimsup Tﬂ(b]-)(mi)(x) , We have

f_ m sup X, m) (b)) (¥)g(0)dx = j; Xiimsup T () (¥) 8 () R, ()¢
a a

= f; lim sup )(rr,R(bj)(mi)(x)g(x)tﬂ(bw(x)dx

Q

= f g(x)tyg(bo)(x)dx.
lim sup TrR(b].)(mi)

But then by Lemma [3.6{(ii.),

f () trp,) (X)dx < f S(X)tRr(p,)(x)dx
lim sup T‘R(b]-) (ml) T‘R(bg) (G)

from which we conclude equation (6.26) and therefore concluding the proof of
the theorem. |

We shall now prove Theorem
Proof of Theorem Fixb = (1,D,,...,by) € W and consider
W=1{b=(@,by,...,.bx) E W:b; <bi fori=2,...,N}.
Then from Lemma ii.) and Theorem W is compact. Consider the map
d:W-R
given by

N
d(b) = Z b;
i=1

whereb = (1,b,,...,by). Let b" = (1, b}, ..., by) be such that
b’ = argmind(b).

beW
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R(b") is the refractor we are looking for. We first show that f o1 g(@X)tre(x) = f;,
for j =2,---,N. Suppose the contrary and without loss of generahty that

[ s <
T rp+)(m2)

Take 0 < A < 1 and consider by = (1,AD,...,by). If x, € TRy (mi), x, is not a
singular point of R(b}), and p is the defining function of R(b"), then, from Lemma
the ellipsoid E(m;, b}) supports both R(b}) and R(b") at x,, when i # 2, and in
particular, from the Snell law, the normals at x, to both R(b)) and R(b") are the
same. Hence Tﬂ(bj‘)(mi) \ (singular set of R(bj\)) C qu(b*)(mi), and tqg(bj\)(X) = tR(b*)(x)
for all x € Trqy:)(m;) outside the singular set of R(b}), i # 2. Therefore

f (V) trp)(¥)dx f () trpr (x)dx
T (mi) T (mi)

< f SOtrpy(X)dx < f;, 1# 2.
T rp)(mi)

Then by using Theorem we choose A sufficiently close 1 so that Gy (m2) < f2,

concluding that b, € W. But this is a contradiction as it implies d(b}) < d(b").
Second, we show that ‘f(;-ﬂ(b*) o) g(0)trpy(x) > f1. From Lemma fmb*) ) ()t (x) =
f1. Suppose by contradiction that the equality holds. Hence

N N
[ s@tny@ix = Y Gomy =Y i< (1 -C [ gt
Q i=1 i=1 Q
obtaining
[ g1 - € =t ar 2 0,

which yields a contradiction since the integrand is negative.
Finally, for @ C Q" Borel set, we have

Tr(@) = U, Tr(@) N Tr(mj) = U, Tr(w N {my)), ae.,
and so
N
ROOtR(x) dx = Z [ s
Tr(w) Tr(wN{m;})
Z f g(V)tg(x) dx = Z f g)tR(x) dx > p(w).
jimiew ¥ Tr@N{m;}) jimjeaw ¥ TROM))

Therefore, if m; ¢ w, then we obtain (6.21)).
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Remark 6.7. Notice that if p, is the defining function of the refractor in Theorem
1
from the proof of this theorem and Lemma it follows that py(x) > m
or all x € Q.

Remark 6.8. Theorem with = YV, fi 0., yields the existence of a refractor
so that N — 1 directions m; receive exactly an amount of energy equals f;, while
the remaining direction m receives an amount of energy bigger than f;.

Remark 6.9. We mention that for the case considered [GHO09] when all energy is
transmitted, that is, when tg(x) = 1, the energy condition (6.20) is replaced by

[ swax = u@
Q

This yields the definition of solution with equality, in other words, in this case
Ggrp) (M) = fT«R(m,-) g(x)dx = f;, fori=1,2,--- ,N.

6.2. Existence of weak solutions when y is a Radon measure.

Theorem 6.10. Let ¢ € LY(Q) with inf5g > 0, and let u be a Radon measure in Q0.
Suppose that  inf x-m >k + € and

xeQQ;me)*

(6.27) fﬁ gl dx > 7 —1c u(Q),

where C. is given in (4.10). Then for each m, € supp (u), the support of u, there
exists a refractor R, solution to the refractor problem, in the sense of Definition with
intensities g and 1, and satisfying

‘f ()t (i = (@),
TR, (@)

0

for all Borel sets w C Q* with m, ¢ w.

Proof. Partition the domain Q" into a disjoint finite union of Borel sets with non
empty interiors and with small diameter, say less than 6, so that m is in the
interior of one of them, and notice that the y-measure such a set is positive since
m, € supp (u). Of all these sets discard the ones that have y-measure zero. We

then label the remaining sets wy, . ..,a)}\,1 and we may assume 1y € (w;)° and

p(w;) > 0. Next pick m; € @}, so that m; = my. define a measure on Q by

Ny
=Y (@),
i=1

Then
@) =p@ < 1-C) [ gwdx
Q
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Thus by Theorem there exists a refractor

ﬂ={maw4mw=rmn——ﬁ——}

1<i<N; 1 — Km} X

satisfying
mwsf ()i, (Vi
T, (@)

with equality if m, ¢ w.

Next subdivide each w! into a finite number of disjoint Borel subsets with non
empty interiors and with diameter less than 6/2, and such that m, belongs to the
interior of one of them. Again notice that since m, € supp (u), the set in the new
subdivision containing m, has positive p-measure. Again discard the ones having
p-measure zero and label them @3, ..., @}, . We may assume by relabeling that

w? C w; and mg € (w3)°. Next pick m? € w?, such that m} = m, and consider the

measure [, on {)* defined by:

N>
=) (@),
i=1

Then
m@ﬂ=u&ﬂsa—cajﬁqu
0
Once again by Theorem there exists a refractor
Ry =< p2(x)x : p2(x) = min _
R L e isisNy 1—km? - x

satisfying
@< [ g @
Tr, ()

with equality if m, ¢ w.
By thisway foreach ¢ = 1,2, - - -, we obtain a finite disjoint sequence of Borel sets
a)f, 1 < j < Ny, with non empty interiors, diameters less that 5/2¢ and ‘u(a)f) >0

such that m, € (o})°, w{*' C !, and pick mf € a)f with m{ = m,, for all £ and j. The

corresponding measures on () are given by

Ne
e =Y p@))o,
i=1
satisfying
@ =@ < 1-C) [ g

Q



THE REFRACTOR PROBLEM WITH LOSS OF ENERGY 27

We then have a corresponding sequence of refractor solutions given by

R, = {‘Dg(.X)X : pe(x) = min L}

1<isN; 1 — xem? - x

and satisfying
[Jg(a)) < f g(X)tR[(X)dX
TR, (@)

with equality if m, ¢ w.
From Remark we can normalize R; so that inf5 p;(x) = 1. Then by Lemma
there exists C such that
sup pe(x) < C
xeQ)
forall £ > 1. .
Also if x,,x; € Q and E(m,, b,) is a supporting semi ellipsoid to R, at pe(x,)x,
then for x; € Q we have

peba) = pel¥o) < 37 157010 . 1- 157010 - X,
KM, b,
- 1—1<m0-x11—1<m0-x0”x1_xOH
< S -l
T 1-x

By changing the roles of x, and x; we conclude that

lpe(x1) = pe(xo)l < llxq — x,|| for all €.

1-x«
Thus {p,} is an equicontinuous family which is bounded uniformly. Then by
Arzela - Ascoli theorem, if need be by taking subsequence, we have that p, — p

uniformly on Q. By Lemma (i.) R={px)x:x€ Q)} is a refractor.
Set

fie(w) := f g()tr,(x)dx, and f[i(w):= g(x)tr(x)dx.
T, (w) Tr(w)
We shall prove that [i; converges weakly to fi. To that end we first prove that for
any closed subset F of QO

(6.28) lim sup fi,(F) < fi(F).
Indeed, from Theorem 5.5 we get that

lim sup fi,(F) = lim sup f g(x)tg, (x)dx

T, (F)

< f; lim sup X7, () (X) g(X)tg, (x)dx < f g()tr(x)dx = fi(F).
Q Tr(F)
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Moreover for any open set G C Q* we have

(6.29) f(G) = g()tr(x)dx < liminf fi,(G).
TR(G) oo
Indeed, from Lemma [3.6|we have
G0 = [ geomeodr< [ SOOtR(D)x
T&(G) lim inf-co T, (G)

= f h?l inf X¢R[(G)(x) tr(x) g(x)dx
O —00

= f lilén inf )(TR[(G)(x)tR[(x) g(x)dx by (5.16),
o —00

< hgn 11’1ff XTRf(G)(x)tRf(x) g(X)dX = 11{)1’1 inf Flg(G),
—00 o — 00
by Fatou’s lemma. Consequently fi, — fi weakly.
Since p(w) = [i¢((w) for every Borel set w with m, ¢ @, we obtain that p,

converges weakly to fi on Q*\ {n,}. On the other hand, since yu; — u weakly, we
conclude that

@) = iw)

if m, ¢ w. Moreover for any Borel set w C ), we have pe(w) < fig(w). Since
ue — uweakly and fi, — fi weakly, we then conclude that p < fi and the proof is
complete. 0

7. EXISTENCE OF SOLUTIONS WHEN Kk > 1

In this section we prove existence of weak solutions for the refractor problem
when n,/n; = k¥ > 1. That is, if n; and n, are the refractive indices of two homo-
geneous and isotropic media I and II, respectively, then medium Il is denser than
medium L. _ .

Suppose that Q and O are two domains of the unit sphere S"! of R” with the
physical property that
(7.30) inf m-x>1/x+e€

meQ)*,xeQ)
for some € > 0.

The refractor problem in the case k¥ > 1 can be solved in a similar manner to the
case k¥ < 1. The main difference is to use the branch H(m, b), in Definition 2.3} of a
semi-hyperboloid of two sheets in place of the semi-ellipsoids E(m, b). Refractors
in this case are defined in Definition 3.9

The following proposition regarding the Fresnel coefficient tg(x) is proved in a
similar way as in Proposition
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Proposition 7.1. Let R = {p(x)x : x € Q} be a refractor from Q to Q* for the case 1 > 1.
Let E be the singular set of p. Then the Fresnel coefficient tg(x) is continuous relative to

the set Q \ E.
We also have the following lemma similar to Lemma

Lemma 7.2. Let H(my, b;) be a sequence of semi-hyperboloids with m; — m and by — b,
as | — oo. Let z; € H(my, b)) with z; — zg as | — oo. Then zy € H(m, b), and the normal
vi(z;) to the semi hyperboloid H(my, by) at z; satisfies vi(z;) — v(zo) the normal to the semi
hyperboloid H(m, b) at the point z.

Proof. In rectangular coordinates the equation of H(m, b) is xm; - z — |z| = b;. Then

. Z
the normal vector at z is v(z) = km; — E’ and so
Z] 20
vi(z) = xmy — — > km— —
|i] |Zol

which is the normal to H(m, b) at zy. The normal at z written in polar coordinates,
i.e., z = pi(x)x has the form v;(x) = xm; — x so v/(x) — km — x = v(x), the normal to
the hyperboloid H(m, b). O

The proof of the following lemma goes verbatim with that of Lemma
Lemma 7.3. Suppose R; and R are refractors with defining functions p;(x) and p(x) and

corresponding transmission coefficients t; and t, respectively. Suppose p; — p pointwise

on Q with C; < pi(x) < G in Q for some positive constants Cy and C,. Let S be the
union of all singular points of all the refractors R; and R. Then for each y ¢ S there is
subsequence tj(y) — t(y) as | — oo.

A statement like in Theorem B.5]follows from Lemmas[Z.2land [Z.2l We can also
prove the following lemma about the refractor measure.

Lemma 7.4. Let R be a refractor from Q to Q. Let g € L'(Q) with inf5 g > 0. Define a
set function on Borel subsets of Q*, by
Gr(F) = ()t (x)dx
Twr(F)
where dx is the surface measure on S" and tg(x) is as given by (&12). Then Gg is a finite
Borel measure defined on C. Gg is called the refractor measure associated with R and g.
We now discuss the existence of solution for the case x > 1.

7.1. Existence of Weak Solution when p equals sum of delta measures. Let
my, My, ..., my, N > 2 be distinct points in (0*. For b = (b, ..., by) € RN with each
bi > 0, we denote by R(b) the refractor defined by

1<isN km; - x — 1

(7.31) R(b) = {p(x)x . x € Q, p(x) = max b—} .
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We remark that the statements in Lemma [5.1]and Proposition 6.1]also hold when
k > 1 with R(b) defined by (7.31).

We now state the existence of weak solution for the case k¥ > 1 when refraction
happens only in finitely many directions.

Theorem 7.5. Let ¢ € Ll(ﬁ) with inf5 ¢ > 0, and let my,...,my, N > 2 be distinct

— 1
. o . _ N ; . . ) -
pointsin (Y. Let fi,..., fn > 0and u = Y ;2 fiOy,. Suppose that erl,lilsfisNx m; > - +€,

and

(7.32) fﬁ g(x)dx > 7 —1c u(Cy),

where C is as in @.11)). Then there exists b, € RN and a refractor R(b,) such that

f gW)tr(x)dx = f;
T Rwo) (1)

fori=2,...,N,and
f g(0)tr(x)dx > fi.
T Rvo)(M1)

Therefore, R is a weak solution to the refractor problem with intensities g and u, that is,
frﬂ(w) g(X)tr(x)dx > p(w) for each Borel set w C €Y, and satisfies

gW)tr(V)dx = p(w),
Tr(w)

for each Borel set w C ()" with m; ¢ w.

The proof is analogous to the proof of Theorem [6.2| and it follows as a conse-
quence of the following lemmas.
The proof of the following lemma is similar to that of Lemma

Lemma 7.6. Let W C RN be the set given as W = {b = (1,by, ..., by) : b; > 0} with the
property that for all b € W, R(b) satisfies
Gﬂ(b)(mi) = f g(X)tyg(b)(X)dx < fz fOT alli=2,...,N,
T re)(mi)

where fis and g are as in Theorem (7.5), then

i W£0.
1i. Ifb:(l,bQ,...,bN)EWthETl

x—1

(7.33) b; < —

foralli=2,...,N.
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Proof. (i.) If for some i # 1, H(m;, b), is a supporting semi-hyperboloid to R(b) at
p(x)x then

i S b ~ o) > 1 S 1

e xm-x—1 P m o x—1"%x-1
and sob > xe/(x—1). Therefore, if 0 < b; < ke/(k—1) forall2 < i < N, then H(m;, b;)
cannot be a supporting semi-hyperboloid to R(b) at any x € (2, and therefore, from
the analogue of Lemma when «x > 1, the set Tgw)(m;) is contained in the set
of singular points of R(b) for i = 2,--- ,N, and consequently Ggp)(m;) = 0 < f..
Hence takingb = (1,b,,...,by) with 0 < b; < xe/(k—1)for2 <i < N, yieldsb € W.

(ii.) First notice that if at a point xy, the semi hyperboloids H(m;, b;) and H(m, by)

support R(b) with m # m;, then x is a singular point, and therefore the points
supported by two semi hyperboloids with different axes form a set of measure
zero. From this, we have thatif b € W, and f; < Ggg,)(111). Indeed,

N
Z Grp)(m;)
p)

N

Z f () trp) (x)dx
i—1 ¥ Tre)(m;:)

[, s
UN, Trep) (1)

fﬁ S(X)trm)(x)dx
1-C. d
1-C0) [ gt

v

\Y

N
w@) =Yy f

i-1
and so we have that

N
[fi = Gray(m)] + ) [fi = Gran(m)] < 0.
i=2
IfbeW

N
Z fl - GR(b)(mi) > 0.

i=2
Thus fi < Ggrp)(m1). .
Suppose that R(b) = {p(x)x : x € Q}. We shall prove that there exists a point p(x,)x,
such that p(x,)x, € R(b) N H(my,1) and p(x,)x, ¢ H(m;, b;) for all i > 2. Otherwise,
Trep)(m1) C S where S is the singular set of p. But then,

Grpy(m1) = f g(X)trpy(x)dx < f S trp)(x)dx = 0
Trep)(m1) S
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contradicting the fact that f; > 0. Then

1 b;
>
Kmy X, —1  wm;-x,—1

p(x,) =

fori=2,...,N, from which we conclude that

bi<K_1

€K
foralli=2,...,N. ]

We also have the following property similar to Theorem

Theorem 7.7. Let 6 > 0. Then Ggp)(m;) are continuous in the region Rs = {b =
(1,by,-+- ,bn):0<b;<6,i=2,--- N}, forall1 <i < N.

Proof. Letb;, j > 1be a sequence in R; converging to b, € Rs. Let R(b;) = {p;(x)x :
x € Q}, and R(b,) = {px)x:x € Q). From the analogue of Lemmafor K >1,we
have p; — p uniformly on Q. Moreover, forany x € Qand j > 1,

j
pi(x) = L < max{i,i}
J xmy - x — 1 ex’ xe
forsomel € {1,2,...,N} and also
P bl
k=17 xmy -x—1 _pj(x)_{gesl)rfmmi-x—l'

We thus obtain a;,4, > 0 such that 0 < a; < pj(x) < a,. Let G C Q' bea neighbor-
hood of m; such that m; ¢ G for | # i. If x, € TR(b].)(G) and x, ¢ S, there exists a
unique m € G and b > 0 such that

b b —
: e . > .
pi(x,) P —— and pj(x) > p—— forall x € Q
But by definition of R(b;), m = m; for some [ = 1,...,N. Thus m = m;. From this

we conclude that Trp,)(G) C Tre,)(m;) U S. Combining this with Lemma [3.6(iii.)
and the fact that S has measure zero, we obtain

f ()R, (x)dx
TR(bo)(G)

f 8(V)trep,) (x)dx
liminf Tyg(b].)(m,‘)us

< f 8(X)trp,) (¥)dx + f 8(X)trp,)(¥)dx
liminf T’R(b]') (m,) S

IA

734 = [ it (gt 0
Q
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By applying equation (5.16), to equation (7.34) we get,
(7.35) f () trep,) (X)dx < f_ Xiimin T ) () ER(b ) (¥) § ().
TRbo)(G) Q

It is also true that
Xiimin T () () = HOUINE X7 ()
Using this in (7.35), we obtain
f () trp,)(x)dx < f_ lim inf XWR(bj)(mi)(X)tR(bj)(X) g(x)dx
TRbo)(G) Q
from which we deduce by Fatou’s lemma that

f S(0)trp,) (x)dx < liminf j; )(Tﬂ(bj)(mi)(x)tqg(bj)(x)g(x)dx
TRbo)(G) Q

= lim inf f tRra;) (X)g(x)dx.
TR ) (mi)
To complete the proof we shall prove that

(736) lim sup tR(bj)(x)g(x)dx < f g(x)tyg(ba)(x)dx.

TR j)(mi) T R(bo)(G)

First notice that

lim sup f trep;) (X)g(x)dx = lim sup ﬁ )(TR(b]_)(mi)(x)tqq(b].)(x)g(x)dx
'77R(bj)(mi) Q

< f_ lim sup )(TR(b]_)(mi)(x)tqq(b/.)(x)g(x)dx
Q

where the last inequality is due to reverse Fatou’s Lemma. By (5.13)) and the fact
that lim sup XTR(b]-)(mi)(x) = Xlimsup TR(bj)(mi)(x)’ we have
f_ lim sup X7, yom) (X)) (¥ (¥) dx = f_ lim sup 7, om) (X)) (X) (x) dx
Q Q
— [ i i o W ()0
Q
= f g(x)tgg(ba)(x) dx.
lim sup TR(bj) (m;)

But then by Lemma [3.6{(ii.),

f @)ty () dx < f ()t () dx
lim sup TR(b]') (i’l’ll) TR(bo) (G)

from which we conclude equation (7.36) and therefore concluding the proof of
the theorem. |
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We shall now prove Theorem
Proof of Theorem Let 7 > 0 be small and
W=1{b=(@by....bnN)EW:b;>1fori=2,...,N}.
Then from Lemma ii.) and Theorem W is compact. Consider the map
d:W—-R

given by

N
d(b) = Z b;
i=1

whereb = (1,b,,...,by). Letb” = (1,15, ..., b)) be such that

b’ = argmaxd(b).
beW
R(b") is the refractor we are looking for. We first show that fﬂz(b o) () tre(x) = £,
o (m;
for j =2,---,N. Suppose the contrary and without loss of generality that

f ¢ rin(®) < fo
TR(b*)(mZ)

Take A > 1 and consider by = (1,Ab,...,by). If x, € TR (Mi), X, is not a sin-
gular point of R(b}), then, from the analogue of Lemma 5.1 for ¥ > 1, the semi
hyperboloid H(m;, b;) supports both R(b}) and R(b") at x,, when i # 2, and in
particular, from the Snell law, the normals at x; to both R(b)) and R(b") are the
same. Hence Tru:)(m;) \ (singular set of R(b))) C Trp+) (1), and trp:)(x) = tre(x)
for all x € Trg:)(m;) outside the singular set of R(b}), i # 2. Therefore

f ()t (Wi f (@t ()
T (i) T (i)

< f g(X)tqq(b*)(X)dx < fz‘, i * 2.
T ) (mi)

Then by using Theorem we choose A sufficiently close 1 so that Gy: (m2) < f,

concluding that b, € W. But this is a contradiction as it implies d(b}) > d(b").
To prove that ‘[T‘R(b*) (1) g(X)tre(x) > f1, we proceed exactly as in the proof of
Theorem [6.2] O

Remark 7.8. Similarly to Remarks [6.8] and we have the same observations
when x > 1.
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7.2. Existence of weak solution when (i is a finite Radon measure. To prove the
existence theorem for the case when p is any Radon measure we first state the
following lemma which is the counterpart of Lemma

Lemma 7.9. Let R = {p(x)x : x € Q} be any refractor from Q to Q* such that
inf 5 p(x) = 1. Then there is a constant C such that

sup p(x) < C.
xeQ
Proof. Let H(m,, b,) be the supporting hyperboloid of R at p(x,)x, where x, is given
by
p(xo) = sup p(x).
x€Q)
Then

and p(x) > _ b VYx e Q.

KMy - Xy — 1 Kmy - x—1

Since

b, b,
<
k=1~ «xm,-x—1

forall x € ﬁ,

Thus b, < x —1and

as required. O
We now state and prove the main existence theorem.
Theorem 7.10. Let g be integrable on Q with infs g > 0 and u be a Radon measure on

— 1
. Suppose that  inf x-m > —+eand
xeQ,meQ)*

K
(7.37) fﬁ g(0)dx > < _1 c ()

where C is as in (4.11)). Then for each m, € supp (u), the support of u, there exists a
refractor R, solution to the refractor problem, in the sense of Definition[4.1} with intensities
g and 1, and satisfying

f ()t (i = (@),
TR, (@)

for all Borel sets w C Q* with m, ¢ w.

Proof. The proof proceeds in the same way as the proof of Theorem using
now Lemma [7.9] instead of Lemma The limiting process follows from the
analogue of Theorem [5.5|which now follows from Lemmas|7.2]and

O
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8. THE DIFFERENTIAL EQUATION FOR THE PROBLEM

Let X denote a point in the sphere 5", and set X = (x, x,,) with x = (x1, ..., X,-1).
Let R = {p(X)X : X € Q} be a solution of the refractor problem from Q to Q* with
emitting illumination intensity ¢ and prescribed refracted illumination intensity

f.LetU = {x = (x1,...,%:21) : (x, VI = [x]?) € 5} be the orthogonal projection of

Q. If we assume Q) is a subset of upper unit sphere 5! = $"1 N {x,, > 0} then
we can identify Q with U. Moreover we can consider p as a function of x, with
x € U. For the purpose of deriving the partial differential equation, we assume
throughout this chapter that p is C> smooth.

Let Y € §"! be the refracted direction of the ray X by the surface p(X)X. Recall,
from Snell’s law 2.1] that

(8.38) Y = % X=-DdX-v)V),
where
(8.39) D) = t — k1 — k2(1 — ),

and v is the outward unit normal to the refractor at the point p(X)X. We denote

by T the map X — Y and we considered it defined in U; thatis, T : U — ).
Since Y = (y1,-- ,y,) € S"!, wehave Y- ;Y =0 for 1 < k < n — 1. Therefore

the vectors d¢Y, 1 < k < n —1 are in the tangent plane to the sphere at the point Y.

Let uy € U. The tangent plane to the sphere at Y(u) is the collection of points

P(u) = Y(up) + (d1Y (ug), - -+, dn1Y (10)) (1 — 1p)

u € R Let R be the (n — 1)-dimensional box given by R = [s,f] X -++ X
[Sn—ll tn—l]- Let PO = P(Sll e /Sn—l)/ Pl = P(t1152/ e /Sn—l)/ PZ = P(Sll t2/ 53, .. -/Sn—l)/
P; = P(s1,...,8j-1,tj,Sjs1,---,8,-1), and P,y = P(sy,...,8,-2,t,-1). We have that

the vectors PyP; satisfy PO—P; = (tj —5/)9;Y(up) for 1 < j < n—1. Notice that
the (n — 1)-dimensional volume of T(R) is approximately the (1 — 1)-dimensional
volume of the box B on the tangent plane. Recall that the volume of the box
generated by n vectors in R" is given by the determinant of the matrix whose
columns are the given vectors. Since Y(u) is perpendicular to the tangent plane
at this point and |Y| = 1, the (n — 1)-dimensional volume of the box B is equal to
the n-dimensional volume of the box B’ generated by B and Y. We then obtain
that the (n — 1) dimensional volume of B is given by

(8.40) IBl = (t1 —s1) -+ - (ty1 — Su-1) | det ]|

where | is the matrix (which we call Jacobian matrix of T) given by

1 i - In-1 n U1
1 Yo - In-1 Y2 Y2
J= . .
(91]/n—1 KRR ) Yn-1 Yn-1

a1}/11 an—l]/n Yn
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Since dry, = —yi (10kyr + -+ + Yn10kYn—1) for 1 < k < n — 1, replacing these

n
values in the last row of | and using the fact that the determinant is multilinear in
the rows yields

alyl T an—lyl
(8.41) det] = L det| D¥2

n

071}/11—1 cee a11—1}/;4—1
If we denote the matrix in[8.41|by Dy then Dy = (d;y;), 1 <i,j <n-1and

det] = yl det Dy.

If dS5- and dS¢; denote the area elements corresponding to Q' and the volume
element corresponding to U respectively then

8.42 det] = B
(542 det = 22

dSg 1
dSu ~ \T—]f
Let x, ¢ S where S is the singular set of R and m, = Tx(x,) = T(x,) where T is

viewed as a map on Q. Let r > 0 and B,(m,) be the ball centered at m, with radius
r and contained in ()*. Then from the energy condition

g(0)tr(x)dx > f f(m)dm

Also if dSg is the area element corresponding to Q then

Tr(w)
we have
|TR(Br(mo))| 1 f 1
X)tr(x)dx >
B 7B Jraimy S Z Bl Sy
Ifasr — 0,both B, (m,)|and [T (B,(m,))| tend to 0, then by Lebesgue Differentiation

Theorem, we deduce that g(x)tr(x)dSg > f(T(x))dS.
Combining this result with , we obtain

(8.43) |det ]| = Aoz 8Wtr()

dSu — N1 - xPf(T(x))
We now find the | det Dy| explicitly to show this Jacobian is an operator of Monge-
Ampere type.

f(m)dm.

8.1. A Monge-Ampere type operator for p. In this section we shall derive the
Monge-Ampere equation satisfied by p. First, we prove that the normal v to R
has the following expression obtained in [KWO8] for reflectors, and used there to
derive the pde satisfied by 1/p, where p is the defining function of the reflector.
For convenience of the reader, with give the full proof of the formula for the
normal noticing the difference in the sign because we consider the outer normal.
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Lemma 8.1. The unit outer normal v to the surface R at the point p(x)X, X € Q, is
given by

, — ~Dp() + X (p() + Dp() - %)
\/pz + |Dpl2 — (Dp - x)?
where X = (x, V1 — |x]2) and Dp(x) = (dhp(x), -+, du-1p(x),0) = (Dp(x),0).

In addition, we have

(8.44)

_ p
Vp* = (x - Dp)* + IDpP

Proof. First notice that the vectors d,, ((x, x,)p(x)) are tangential to the graph of the
refractor fork =1,--- ,n — 1. Therefore we have

Iy, ((x, x,)p(x)) - v =0

fork=1,--- ,n—1. Writev = (v/,v,,). Calculating explicitly the derivatives we get,

n—-1 n—1
(846)  p Y Oavi+dyp ) xivi= (pL — 1= xPoyp|va,
i=1 i=1

(8.45) X-v

VI-P
fork=1,--- ,n—1.
If 1, £ are row vectors in R”, the tensor product is the n X n matrix defined by
cen=:&n,

with the multiplication of matrices. Moreover if I is the n X n identity matrix and
C is any constant, then the Shermann-Morrison formula says

CE®n

(847) (I +CE® T])_l =]- m

In matrix form, will then become

(pI+Dpox) (V) = (px— - 41— |x|2(Dp)t) V.

Vi-RP
From [8.47 we have
D -1
(pI+Dp®x)" = p I+?p®x)
D
?p®x
-1
= p I - D
1+—p-x
P
_ (i Dp®x )
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Therefore
, _ Dp®x x! —
v =pm (I P +pr : X) (p Vi—RP - IXIZ(Dp)t)vn
-1 % t t P t
=p | ——=—=x - V1 - Ixl*(Dp) - (Dp ® x)x
( V1 =[x V1 —|x>(p + Dp - x) P
Vl - |x|2 t
+m(Dp ® X)(Dp) Vy.

Now observe that for any row vectors &,7,y we have (£ ® n)y! = (n-y)&. So
(Dp ® x)x' = |x*(Dp)! and (Dp ® x)(Dp)" = (x - Dp)(Dp)". Therefore

Y VR - sy xPp
vy =r (Vl—llex ( |X|—i_\,/1—|>c|2(p+Dp-x)

Vl - |.’X'|2 t
_WFTP'X(JC ~Dp) | (Dp)’ |va
-1 P t p t
=p X - (Dp) ]vn
(m V1-IxP(p + Dp - x)
1 t 1 t)
= ——x'———=———(Dp) |V
\/1—|x|2( e P
So writing the normal as a row vector we get
(8.48) v—(v’v)—( ! (x— ! D) l)v
’ T \VT= R T pDpex P

Using this formula we get that

X-v= ! ( P )v
,/1_|x|2 p+Dp.x ne

Since v is the outer normal to the refractor at X, we must have X -v > 0. Therefore
v, and p + Dp - x must have the same sign. Also since [V'[> +12 = 1, we obtain from

that

p*> = (x- Dp)* + |Dpl? > _ 1
(I-pP)(p+Dp-x2) "~

Notice here that p? — (x - Dp)? + |Dp|* > 0 since |X| = 1. So

_ [a-npyp+Dp-v2 il
849) wv,=+ \/p2 —(x-Dp? +|DpP +|p + Dp - x| p2 — (x - Dp)? + |Dpl?’
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Hence from

v=0,v,)

=i|P+Dp-X|\/ > (= RP) ( ! (x—;Dp),l)

p>—(x-Dp)*+IDpP \\T—xP\ p+Dp-x
ilp+Dp-x|( ~Dp+(p+Dp-x)  NT-P(p+Dp-x) J
p+Dp-x \p?* = (x-Dp)? + IDpP ’ \p* = (x-Dp)? + IDpP

and [8.44] follows. Moreover,

+Dp -
X.v= 43P P .
p+Dp-x \/pz — (x-Dp)? + [DpP?
If p+ Dp - x > 0, then v, is positive and so in (8.49) we need to choose the plus

sign. If p + Dp - x < 0, then v, < 0 and so in (8.49) we need to choose the minus
sign. Therefore in any case we obtain (8.45). |

For brevity lets first introduce the functions;

| =
V22 + PP = (p - x)?)

: h(x,z,p) =
(8.50) (x,z,p) NEFaramr:

where @ is defined in (8.39), and

(8.51) w(x,z,p)zl—(l)( z ) TPy

V2 +IpP = (p-x)?) 2 +1IpP - (p - x)?
=1-h(x,z,p)(z+p-x).

We now prove the main result of this section.

Theorem 8.2. If p is the function defining a refractor R, solution to the refractor problem
with intensity ¢ € LY(Q) on Qand f € LY(Q)*) on O, then

g)tr()K" " w

FT() (1 e ( : —p|x|2x - Dp) . Dph),

where C™' is given in (8.59), B given by (8.57), h is defined in (8.50), and w defined in
(8.51).

Proof. From (8.38), (8.44), (8.45), and the definitions of # and w we get that the
components of y in (8.38) can be written as

(8.52) |det(D*p + C™'B)| <

Yi= . (w(x, p(x), Dp(0)x; + h(x, p(x), Dp(x)) px,),  1<i<n-—1,

K
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and

1
(8.53) Yn = —w NS

Differentiating y; with respect to x;, with 1 <i,j <n -1, we get

n-1
1
iy = = (w Oij + Xi [wx]' + W, px; + Z Wy, kaxj] + h(x, p, Dp)px.y;

k=1

n—1
o, + hepr + Yy, pxkx].]) .

k=1

tPx;

Recall that all the vectors x, Dp, Dyw, D,w, D,w, D<h, D,h are regarded as row vec-
tors. The matrix Dy = (d;y;), 1 <i,j < n -1, can then be written as

Dy = % (wl +x®D,w+w,x®Dp +x® ((DZP)(DPw)t)t

+h(x, p, Dp) D?p + Dp® Dyh + h, Dp ® Dp + Dp ® ((sz)(Dph)t)t) .

Note that if u,v are both row vectors and A is an 1 X n symmetric matrix, then
u® (Av') = (u ® v)A, and we obtain the formula

1
Dy = E(w[+x®wa+wzx®Dp+Dp®th+thp®Dp

+(x® D,w) D*p + h(x, p, Dp) D*p + (Dp ® D,t) D*p).

Let
(8.54) C(x) = (x® Dyw) + h(x, p, Dp) I + (Dp ® D,h)
(8.55) B(x) =wl+x®D,w+ w,x® Dp + Dp ® D:h + h, Dp ® Dp.
So
1
(8.56) Dy =~ |B(x) + C(x) D]

We have D,w = -D;h(z+p-x)—hp,w, = —=h,(z+p-x) —h,and D,w = —-D,h (z +
p - x) —hx. So we can write

C(x) = —(p + Dp - x) (x ® Dyh) — h(x ® x) + h(x, p, Dp) I + (Dp ® D,h)
= ((~(p + Dp - x)x + Dp) ® D,h) — h(x ® x) + h(x, p, Dp) 1
= ((~(p + Dp-x)x + Dp) ® D) — h (x® x) - ])
= h((h™* (~(p + Dp - x)x + Dp) ® D,h) + (=) ®x) + 1))
=h (M + My)
= hMo (I + M;'My),
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with
M, =-h((p+Dp-x)x — Dp) ® D,h, M =((—x)®x) +I;
and

B(x) = wl —x® (Dyh(p + Dp - x) + hDp) — (h.(p + Dp - x) + h) x ® Dp

+ Dp ® Dih + h.Dp ® Dp.
=(1-(p+Dp-x)h)I-((p+Dp-x)x —Dp) ® D,h
(8.57) —x®((2h + h(p + Dp - x)) Dp) + h, Dp ® Dp.

From the Shermann-Morrison formula we have that if M = I + &' where & and 7
are any vectors, then

&
1+&-1
We can calculate explicitly the inverse of C(x) noticing it is the product of two
matrices having the form of M. We have

a1 -1 -1 o X®x [;
C _E(I+M2M1) Mz,ansz —I+1_—|x|2
If weset v = ™' ((p+Dp-x)x—Dp), then I + M;'M; = [ - M;'(v® D,h) =

I+ (—Mz‘ 17}*) D,h. Therefore

(8.58) det M=1+&-, M'=I-

(M;lvt) D,h .
1- (Mglvt)t -Dyh .

(I+ MglMl)_l =1+ =N,

and so

XX
(8.59) c! ——N(I+1_| |2)'

Let us calculate this matrix more explicitly. We have

1
Mo =o' + - |x|2xtxvt

=1 |(p-+ Dp %' = (Dp) + 7= (p + Dp - )+’ — (p)

1
1 — |x|?
[ 1
=h"|(p+Dp-x)x' — (Dp)" + The (lxlz(p +Dp - x)x' — (Dp - x)xt)]

P
1= |x|2xt_(Dp)t]‘

"Notice that this is the first fundamental form of the upper sphere parameterized by
X(x1,%0,+ ,Xp_1) = (xl,m ,Xn1, V1 — |x|2). The coefficients of this form are g;; = d;,X - 9;X =

O+ ——xix;, 1 <i,j<n-1.
1] 1_|x|2’] )
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So
h_l(l—pl TRl Dp)@Dh
(8.60) N=1+ 5
_ Kt
1-h (1_||2x Dp) Dph
and
1

det N =

_ p '
1-h 1(1_|x|2x—Dp)~Dph

Therefore from (8.59)

p

=l iy (1 -1
(8.61) detC = 11 |x|)(1 h (1_|x|2x Dp) Dh)

43
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Notice that for row vectors a, 8, &, 1, we have (a @ B)(E® 1) = (B- &)(a ®n). Then

oLy 28X (M) Dyl (M)Dh ) e
s o) ' “1gt) (1—|x|2)
i 1_(levt) Db |1 _(levt) D,
_1— L Xex (M) Dl
=7 _ 1—|x? 1 (Mglvt)t D
1
+ M—l t D.h ¢
(1= 1) (1- (M) - D) (M) Dy )
L xex (M;1o") Dyh
h 1—|x? 1—(M£lvt)t-Dph
’ o ((M—lvt)t@)x)
(1 = [x?) (1 - (Mglvt)t , Dph) 2
— 1 i XX
- E[ T— P
L x-D,h
M—l t (D I b )
+1_(Mz_1z)t)t Dph( 2 '0) D + (1_|x|2)x
1 XQ®x
:E[I 1—|x|2
e Ol i *Dih
+1—(M§10f)t.Dph <h 1[1—| |2x — (Dp) ])(D h+( — Iz)x)‘
Let

- 1—(M;vt)t' ( _1[1_| P _(Dp)])(D h+( [i;r;)x)

We have

(M;"o) - Dyl = bt [ - L 7 (x-Dyh) - Dp- Dph]
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So
1 p x-Dyh
A = x—Dp|®|Dyh + ———x
p (1 — |x[? ) ( o a-mp)
I’l — [1_—|x|2 (X . Dph) — Dp . Dph]
and . ®
41 X®X
C = h[1+—1—|x|2 +ﬂ].
From (8.56))
1 1 2
Dy = Kc(c B(x) + D%),
and so
(8.62) det Dy = % detC det(C™'B + D).

Combining (8.41), (8.43), (8.53), and (8.62)), we obtain

_ 2@

1 1B 4+ D?
pore detC det(C B+D p) < ST

Finally from (8.61) we get

[BW59]
[CGHO8]
[CHO09]
[CO08]
[GH09]
[GH10]
[KO97]
[KWO08]

[Wan96]

RO w

FT)) o1 (1 e ( : L el Dp) - D,,h).

|det(D*p + C'B)| <
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