Homework 9, due November 19 Math 4041, Fall 2009

Setup: € is a bounded open set in R? or R3 with C' boundary, 7 denotes the unit
outer normal vector field, a, b are real-valued functions defined on 02 such that
a(p) and b(p) are not zero simultaneously for any p € 09, and

Ju
on
By dV we mean dx dy or dx dydz depending on the dimension of ), and by dS we
mean differential of length or area, again depending on the dimension.

D = {uc C*Q) : u is complez-valued and au + b— = 0 on OQ}.

1. Let g € CY(Q) and let F be a vector field whose components are functions in
C1(Q). Show

gdivF = div(gf) — F-gradg.
2. Use the previous problem and the divergence theorem to get

Afng:/ ga—{dS—/gradfgradng, f.g € C*(Q).
Q aq” O Q

3. Use the previous problem to establish that
/ Aude—/ uAvdV =0 ifu,v€D.
Q Q

(Note that Av = AD.)

4. Use the previous problem to show that if A € C and if u € D satisfies Au = —A\u
and u # 0, then A is a real number. (Hint: set v = u.)

5. Suppose the function b is strictly positive and a > 0. Show that if A is as in the
previous problem, then A > 0.



