Homework 10, due December 1 Math 4041, Fall 2009

The following problems will guide you in obtaining a formula for the Laplacian
in R3 in spherical coordinates. Define

X(r,0,9) =rcosfsing, Y(r,0,¢)=rsinfsing, Z(r,0,¢)=rcos¢
and
F(r,0,¢) = (X(r,0,0),Y(r,0,6), Z(r,0,9))
forr >0, 0 € [0,2n], 0 € [0,7]. Thus F allows passage from cartesian to

spherical coordinates in R3.

1. Let f(z,y,z) be an arbitrary differentiable function. Use the chain rule to
compute

0 0 0
Ef(F(Tﬁ,éf’))a % (F(T797¢))7 % (F(rvea(rb))

The formulas you get are of the form

& FE(,6,6)) = a11(r,6,0) L ((r,0,6)) + axa(r,0,6) 22 (F (r,6,9))
r Ox oy
+a1s(r,0,6) 2L (F(r,6,9))
S FF(.0,6)) = an (1,0,6) 2L (F(r,0,6) + aza(r,0,6) 32 (P(r,0,6))
z Oy
+aza(r,0,0) o0 (F(r,0,0))
agf(F(r, 6,¢)) = asi(r,b, ¢)g(F(T, 0,9)) + azz2(r, 0, ¢)g(F(7¥ 0,9))
) Oox Ay

0
+ asa(r,0,6) 3L (F(r,6,0))

The coefficients a;j(r,0,$) are the entries of the Jacobian matriz, JF, of the
transformation (r,0,¢) — F(r,0,¢).

2. The matrix JF is invertible for (r,6,¢) € X = {(r,0,¢) : rsinf # 0}. Find the
inverse of the matrix JF on X.

Writing the formulas above in matrixz notation,

OfoF 7 - - 9
fi ailr a2 a3 g*f oF
dfoF ?
7 = |a621 a22 a23 9y © F
86‘;1?_ la31 a3z a33] % oF
we have o _ o for
HoF fa11 a1z aiz] 7f?«
% — OfoF
oy O | = |a21 a22  a23 R
o o
6—£ oF| la31 a32 @33 53
Let b;; (i,j = 1,2,3) denote the entries of JF~L; they are functions of r, 0,
and ¢. Let
0 o 1o}
L1 =bii— +bio— +biz—
1 (Eirw 125, 13 96
0 o 1o}
Ly = bo1 — + bao— + baz —
2 215, 2255 23 96

o Ie] 14]
L3 = b31 — + bza— + b3z —
3 3167‘+ 3286+ 358¢
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3. Verify that

LiJ(F0.0) = L F0.0.0). La(f(P(r0.6) = S (7 (.0.0)
L(f(F(7,6,6)) = 2L (F(r,6,0)).

4. For a function v(r, 8, ¢), compute
L1(L1(v)) + La(L2(v)) + Ls(L3(v)).

This gives a formula for the Laplacian in spherical coordinates.



