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ABSTRACT

A Cauchy Problem with Singularity Along the Initial Hypersurface

Zachary Hanson-Hart

Doctor of Philosophy
Temple University, May, 2011

Gerardo Mendoza, Chair

We solve a one-sided Cauchy problem with zero right hand side modulo smooth
errors for the wave operator associated to a smooth metric which is locally of
the form
g = tgoodt @ dt + 2 i tgo;dt ® d? + i gijdxi ® da’.
j=1 ij=1
Here t is a defining function of the initial hypersurface, g is a Lorentz metric
on t >0, goo is positive and )7, ; g;;dz’ ® da’ is negative definite.

The degeneracy of the metric at ¢t = 0 gives rise to singularities in the
wave operator. The initial data must be modified from the classical Cauchy
problem to suit the problem at hand. The problem is posed on £ > 0 and the
local solution is constructed using microlocal analysis and the techniques of

Fourier Integral Operators.
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CHAPTER

1

Introduction

This dissertation concerns the problem of finding solutions modulo smooth

functions of the initial value problem

;

\

Hu=0 int>0

(1.1)

U|t:0 = Uo(l‘)

1 Ou
12 ot

— uy ()

in a neighborhood of the initial hypersurface {t = 0} where [J is the D’Alem-

bertian of a smooth symmetric 2-tensor which is a Lorenz metric on ¢ > 0, a

Riemannian metricon t < 0,

and degenerates simply along t = 0; see Chapter 2

for a complete description of this kind of metric.

Some of the coefficients of O blow up at ¢ = 0, so (1.1) is a hyperbolic

second order Cauchy problem with data prescribed along the singularity set

of the operator. The initial

conditions are adapted to the situation at hand;



their meaning is elucidated in Chapter 7.

In the absence of singularities, the analogous problem (with the correct
initial condition) is strictly hyperbolic; the modern theory underlying such
problems, initiated by Lax [7], is by now well developed.

We study the problem adapting the techniques of Fourier Integral Oper-
ators (see [2, 3, 5, 7]). From a classical perspective, a major difficulty in
our problem is that the light cones of the metric degenerate to 1 dimensional
subspaces over t = 0.

The following simple example already illustrates the basic features of the

problem. In R, x R? let
g = tdt* — Z dz' @ dx'. (1.2)
i=1

This 2-tensor has the properties mentioned above. Its D’Alembertian (or

Laplace-Beltrami operator) is

19 KPP
= tat2 - axi2-

To solve Ou = 0, u|—o = uo(x), t~2uy|;—o = u1(z) we make the same ansatz

as in the classical case. We seek solutions roughly of the form

u= /ei¢(t’x’y’9)a(t,x,y,@)v(y) dy df

where a is a classical symbol in ¢ > 0. Since

" 0(ea) = (—%gﬁf + Z ¢2:)a + 2i(p0p — ¢piOyi)a + D(a),



the eikonal equation is
¢1§2 En 2

and the first transport equation is

There are two solutions of the eikonal equation satisfying ¢|i—o = (z — y) - 0,

namely
+ 2 372 - 2 32
o7 =(w—y) 0+ 370 o7 =(z—y) -0 ]
We then improve the ansatz about the form of the solution to

ult,z) = / (69" (ag uo(y) + aus () + €% (aguo(y) + apur(y))] dB dy

with symbols a3 of order 0 and a;" of order —1, all classical.
We now ask, following the classical method described in the above men-

tioned references, that af and ai satisfy the first transport equation with the

+

appropriate phase. The solution of these equations are a;- = constant (that is,
independent of ¢t and x). To determine the values of these constants we impose
the initial conditions. The value of u at ¢t = 0 (really the limit as ¢y N\, 0 of its
restriction to the hypersurface t = ty) is (ag + ag )uo + (af + aj )u;. For this

to equal uy with arbitrary u;, we must have aj +ay; = 1 and af +a; = 0.

The top order part in 6 of the derivative of u with respect to t is

it/ [ [ @ ualy) + afus )IF] — (g uo(y) + ay s ()|6]) o .



The factor t'/2 is a feature of the general problem, not just this example.
Its appearance explains the need to divide by /2 in the second part of the
conditions of the Cauchy problem. After dividing by it, we see that the limit

as t \,0 is

/ ¢ 1i10] (ag uo(y) + ajua(y)) — il6](aguo(y) + ayui(y))] do dy.

For this to give u; for arbitrary uy we must have the equations aj — ay; = 0

and af — a; = 1/i|0]. Therefore, we have aj = a, = 1/2, aj = 1/2i|f| and
a; = —1/2i0|.

The subsequent transport equations (equipped with the correct initial con-
ditions) end up producing only the trivial solution. Thus the solution of the

problem (1.1) in the case of the metric (1.2) is

e Ft2100 4 o= Ft210] e3P0l _ o= 53210
u = e(ﬂﬁ—y)ﬂ(

; woly) + () dody

This particular example could have also been solved introducing the change
of variables r = 2¢%% which changes the metric to the standard Minkowsky
metric. This change of variables does not work for the general problem for two
basic reasons: i) the coefficients of the metric, if they depend on ¢, become
singular, and ii) the presence of cross-terms (such as dt ® dx') in the general

case produces extra singularities even if the coefficients do not depend on t.



CHAPTER 2

The Metric

2.1 Definition

Let M be a smooth (n+1)-dimensional paracompact manifold with smooth

boundary. The metrics of interest here are the following:

Definition. A normally simply degenerate Lorentz metric on M is a symmet-

ric 2-tensor such that

1 is a Lorentz metric (see [4, 8]);

i) g
ii) glam has a 1-dimensional kernel %~ C Ty M;
ii1) if 2 : OM — M is the inclusion, then 2*g is negative definite;

We show below that (i) and (1) imply that £ is a smooth line subbundle

of TypyM. We require, in addition,



(iv) there is a smooth vector field 7 such that 7o spans # and g(T,T)

vanishes to precisely first order at oM.
By the kernel of g we mean
{veTM:gl,w)=0vwe T, M} (2.1)
where pg € OM.

Remark. The conditions on the metric are expressed without reference to co-
ordinates. Therefore, they are invariant by definition.

Conditions (i) and (i) imply that any nonzero vector in J# is nontan-
gential. Indeed, fix py € OM. If v € T, M is tangential to the boundary
and v # 0, then g(v,v) = 1*g(v,v) # 0, by property (iii). Therefore, if v is a
nonzero vector with v € JZ, then v is nontangential.

Moreover, in any local coordinates (¢,x) with ¢ a defining function of the
boundary, the metric can be written as

g = Goodt @ dt + 2 i gojdt @ da? + i gi;da’ ® dx?
j=1 ij=1
and the matrix [g;;]; j=1,.» 1S negative definite at the boundary. Therefore, it
is negative definite in a neighborhood of py.

To see that conditions (i) and (%ii) imply that % is a smooth line bundle,

let 7 be some nowhere zero vector field, not necessarily smooth, that spans

. Pick coordinates (t,z) arbitrarily with ¢ vanishing on dM. In these



coordinates we may write the metric as

9=godt @dt +2) " gydt®da? + > g¥da’ @ da’

J=1 1,j=1

where the coefficients are smooth. Also, we may write
n
T=ad+)» B0,
j=1

without the assumption that o or 3/ are smooth.
Note that if & = 0, then T |y is tangential and can not span the kernel.
Therefore, o # 0 and it suffices to consider the vector field with @ = 1. That

is, we may assume 7 is of the form
T=0+)Y Foy,
j=1
again with no assumption on the smoothness of the 37. We now have

9(T,) = (900 + Zgojﬂj)dt + Z (90; + Zgijﬁi)dﬂﬁj = 0.
j=1 j=1 i=1

This gives, in particular, the conditions go; = — Y1, g;;0° for j = 1,...,n.
Write g for the column vector with entries go;, write G for the negative definite
matrix with entries g;; for 4,7 = 1,...,n, and let 3 be the column vector with
entries /3. Then these conditions can be written as gy = G3. Since G is
negative definite with smooth entries, it is invertible and the entries of G~*
are also smooth. Therefore, 5 = G~ lgg, so the 37 are smooth and 7 is a
smooth vector field. Furthermore, 7 spans the one-dimensional kernel J# .

Therefore, %" is a smooth line bundle.



It should also be noted that conditions (i) and (74i) imply that the signature

of g|xy is (+ — ...—). Since 2*¢g is negative definite, there are at least n
negative eigenvalues at 0 M. The metric is smooth, so there remain at least n
negative eigenvalues in the interior near the boundary. The metric is Lorentz,
so there must be precisely n eigenvalues with one sign, and one with the other.
Therefore, the signature must be (+ —...—).

Another feature is that if py € OM, U C M is a neighborhood of pg and 7"
is a smooth nonvanishing vector field such that 7'|gr is a section of J#", then
again g(7”,T") vanishes to precisely first order at M. To see this, let ¢ be a
defining function of OM (we will always assume that such defining functions
are positive in the interior). Since .# is one-dimensional, T’ |gp = ¢T |om for

some smooth function c¢. Furthermore, since 7' is nonzero, ¢ # 0. Thus, we

may write V = ¢T + tX for some vector field X, giving

g(T',T') = Pg(T, T) + 2tcg(T, X) + *9(X, X).

Since T is in the kernel of g along OM, ¢(T, X) vanishes at t = 0 so 2tcg(T, X)
vanishes to second order at M. Clearly, t*g(X, X) vanishes to second order
at OM, and by hypothesis g(7,7T) vanishes to first order. Hence, g(7",T")

vanishes to first order at OM.



2.2 Coordinates

Lemma 2.1. For any normally simply degenerate Lorentz metric there are
coordinates (t,z) in a neighborhood of each point of the boundary, with t a
defining function of the boundary, in which the representation of the metric is
of the form

g = tgoodt ® dt —+ tgojdt ®s de’j + gzdeL’Z ® dxj, (22)

where ®; is the symmetric product. Moreover, the matriz [gjli j=1.. n is neg-

atwe definite, goo > 0, and each term goo, go;, and g;; is smooth.

Proof. Fix some smooth nowhere vanishing inward pointing vector field 7 on
M near OM such that Tlgr spans . Then ¢g(7,7T) vanishes to precisely
first order on OM. Let t be such that 7t = 1 in a neighborhood of p, and
tlom = 0. Let xy,...,2, be coordinates on OM near py, and extend these
functions to a neighborhood of py so that T |spx? =0 for j = 1,...,n. Then

L ..., 2" form a coordinate chart in a neighborhood U C M of py. In these

t,x
coordinates, T = 0; and t is a defining function of oM.

We may write g = goodt @ dt + Y77, Gojdt ® da? + 377, gijda’ ® da?,
where all coefficients are smooth, owing to the fact that g is smooth. The
coefficient matrix of the pull-back of ¢ to the boundary is [gi;]ij=1,.». By

property (iii) in the definition of ¢, this is negative definite. Therefore, there

is a neighborhood of py in which [g;;]; j=1,..» is negative definite.
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By construction, 7 = 0, and Ji|gpm spans £ . For any vector field W,
g(T,W) =0 on oM. In particular, g(7,0.) = goj for j = 1,...,n. It follows
that for each j =1,...,n, go; = tgo;.

Furthermore, g(7T,7T) = goo vanishes to precisely first order at ¢ = 0, giving
Joo = tgoo with ggo # 0 at t = 0.

Finally, the fact that the metric is Lorentz in the interior with signature
(+—...—) gives that the determinant of the coefficient matrix must have sign

(—1)™. Using Laplace’s expansion of the determinant we see that

det(g) = tgoo det([gislij=1..n) + O(t?). (2.3)

Since t is a defining function of the boundary (and positive on the interior), for

t sufficiently small, the sign is determined by goo det([gij]ij=1...n). The matrix

9ijlij=1,..n is negative definite, and thus has sign (—1)". Therefore, goo must
be positive for ¢t small. Possibly shrinking U, we have goy > 0 on U.
Hence, there are coordinates (¢, x) in a neighborhood U C M of py € OM

in which the metric is represented as in (2.2) with coefficients as indicated in

the statement of the lemma. O

One of the questions is how much freedom there is in choosing coordinates
while retaining the representation of the metric. The key feature is property

(2.4) below:

Lemma 2.2. Suppose (t,%) are coordinates in a neighborhood U C M of
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po € OM with t a defining function of the boundary (and positive on the
interior) such that

O;lom spans . (2.4)

Then, the representation of the metric in these coordinates is of the form (2.2),

and the coefficients have the indicated properties.

Proof. Put T = 07y and X7 = 9;;. The representation of g has the appropriate
form if g(7,7T) = tgoo for some goy > 0, (T, X7) = tgo;, and [g(X?, X7)]
is negative definite. The first condition is immediate since T |gr¢ is inward
pointing and spans . The second is immediate again due to the fact that
’ﬂa m spans 7. The last condition is evident from the fact that the 27| form
local coordinates in M so that at the boundary, [¢(X*, X7)] = [1*g(X", X7)] is
negative definite by condition (7). Therefore, [¢(X*, X7)] is negative definite

in a neighborhood of py. m

For the remainder of the paper, we will use the coordinates as in Lemma 2.1
unless explicitly stated otherwise, i.e. (¢,z) are coordinates in a neighborhood
of a point in the boundary, and ¢ is a defining function of M with 0|an

inward pointing and spanning ¢ .

Notation. We will adopt the convention that the indices p,v have range
0,...,n with t = 2° and indices 4, j have range 1,...,n, unless explicitly

stated otherwise.
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Lemma 2.3. With the coordinates as in Lemma 2.1, the inverse of the matrix

associated to the metric is of the form

1 §o g%
g =|*
gjO gij

where §°°, g%, ¢?° and g are smooth, the submatriz [g”] is negative definite,

and §°° > 0.

Proof. Starting with the coordinates from Lemma 2.1, write the matrix asso-

ciated to the metric as

tgoo tgo; tgoo tB
[g/LV g = s
tgjo  9ij gt h
i.e., § is the row vector (go1,- .., gon) and h is the negative definite matrix [g;;]

with 1 <i,57 < n. With this notation, it is easily verified that the inverse of

the matrix is

1
1 n —Bh!

1 /
goo — tBh=1ST —(BAHT (goo — tBRIBNH)A L + (B H)T(BA7Y)

g™

The entries of the matrix h are smooth, and A is negative definite. Therefore,
the entries of h~! are smooth. The components of 3 are also smooth, being
coefficients of the metric. Thus, gy — tSh~'3" is smooth. Moreover, for ¢
sufficiently small, goo — tSh™ 8T > 0, owing to ggo being positive. It follows

that 1/(goo — tBh~1A3") is smooth for ¢ sufficiently small.
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With g% = 1/(goo — tBh~'37), we have the matrix

1 G0 g0
9] = |1
gjO gij
where
gjo _ gOJ _ golhlj
goo — tBh=1p1
and
; 1
= h¥ +tm Z h* grogoeh”?

k=1

where h% is the 4, j entry of the matrix h=!. Clearly ¢% and ¢ are smooth,

as they are sums and products of smooth functions. O

2.3 Null Geodesics

The null geodesics of our metric have a curious behavior as they reach the
boundary which is in part the source of some difficulties. We describe their
behavior near M in order to have a better understanding of the issue.

In general, the geodesic of a metric are the projections of integral curves
of the Hamiltonian vector field of the metric on the cotangent bundle, in our
case, the Hamiltonian of

polt,x, 7,§) = AOO SR QZQOJT§] + Z g7

3,j=1

We are interested in the null geodesics, so we may multiply by ¢ and divide
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by % which has the effect of reparametrizing the geodesics. Write

p=T1"+ QtZgOJTfj +t Z G7&;

,j=1
where g% = ¢% /g% and ¥ = ¢¥ /g". Since §°° > 0, g% is smooth, and [§"]
is still negative definite. We will henceforth omit the tilde and discuss the

integral curves of

H,=2(t +1 z”: gV 1E;) 0,
=1
+ 2t i(ngT - zn: 97£)0,i
Zg%@ + Z giEE; + 2tZ §J +t Z gzgj

i,7=1 ,7=1
8gOJ 89”
—t(2) 56+ D 5766 D
Jj=1 1,j=1
For convenience, take £(0) = 0. Since p = 0, we must have 7(0) = 0.

Therefore, we seek curves issuing from points of the form (0, z¢, 0, 6). Since we
are not interested in the zero section of the cotangent bundle, we take 6 # 0.

The integral curves of H), are the solutions of the system

(

=2(T +t ZQOijj)
j=1
P = ZtZ(gojT + Zg”&)
= _2290‘77—5] + Z g”&@ + QtZ TSJ +1 Z flgj

5,j=1 3,j=1

Zak §]+Z @fj

\ zgl
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subject to the initial conditions t(0) = 7(0) = 0, 2(0) = zo, £(0) = 0. Here, we
discuss only the nature of the solutions as they approach the boundary. For a
full treatment of this problem, see Chapter 4.

Since 7(0) = #(0) = 0, #[,o = 0. Furthermore, t|;—g = —27|s=0 =
—23"g"|s=00;0;. Finally, i’|,—g = i’|s—o = 0, but the third derivative of
27 with respect to s is 2t|,—¢ Y. g7 |s—0f;. Writing the second approximation
of ¢ gives that t ~ — 3" g|;_06;0;s*. Since [¢"] is negative definite, we may
write [0]2 = — 3" ¢"[s—0bi0; so t ~ 2|A|2s>. Writing the approximation for 2’

gives a7 ~ x + (1/3)5(0]2 3 g% s—of;. Therefore, we have the approximation
wl ~ah + 00, Zgiﬂs:oé’it?’ﬂ.
i=1

The + comes from the fact that ¢ ~ C's® so that s ~ £Ct/2. This plays a
significant role in Chapter 4. Since the power of ¢ is 3/2 > 1, the null geodesics

come in to the boundary with a cusp.

2.4 Examples

There is a wide class of nearly trivial examples. Let X be a compact,
connected manifold of dimension n. Being compact, X admits a Riemannian
metric. Let M = X x [0,00). With x!,... 2" coordinates on X, extend

them as constant to M. Let ¢ be the standard coordinate on [0,00). If
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> i izt Gij o' @ da? is a Riemannian metric on X, then

g:tdt®dt+2tgojdt®sd:pj— Zgijdxi@)dxj

j=1 i,j=1

with any smooth functions go; is a metric that has the desired properties.

We are not making any assumptions that the boundary be connected.
There are topological restrictions to the existence of a Lorentz metric on a
closed manifold. Notably, the tangent bundle must split in order to have the
desired signature.

In the case at hand, since OM # (), there is a global nonvanishing vector
field 7 on M. If there is such a vector field which is also transverse to the
boundary, then we can construct a metric which degenerates simply near the
boundary by gluing together a Lorentz metric in the interior for which 7 is
timelike with a metric of the kind given in the previous paragraph.

As a nonexample, the closed unit ball in R? does not admit such a metric.
Suppose there is a normally simply degenerate Lorentz metric on the closed
unit ball, g. Then there is a symmetric linear map p for which g(u,v) =
ge(pu,v) for all v, where g, is the Euclidean metric on R?. The eigenvalues of
p are real, and depend smoothly on v and on the base point. By the properties
of g, there must be a negative eigenvalue at every point; call this A\. The kernel
of p— A is a smooth globally defined line subbundle of T'M that is tangential to
OM. Since the space is contractible, the subbundle is trivial. Therefore, there

is a globally defined nonvanishing continuous section of the tangent bundle
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that is tangential to OM.

By gluing together two closed balls along the boundary and pulling the in-
teriors apart, we construct S2. This gives rise to a continuous (in fact smooth)
nonvanishing section of the tangent bundle of S?. This is a contradiction since
S? admits no such section. Hence the closed unit ball in R? does not admit
such a metric.

This can be modified and extended to show that the closed unit ball in R??

does not admit such a metric.
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CHAPTER 3

Statement of the Problem

Definition. For a Lorentz metric given in the local coordinates (z°, ..., 2™) by
g= ZZ v—0 v dr" ®@dx", the D’Alembertian is the Laplace-Beltrami operator,

10 ., ap 0
U= _|g|1/2%gu a1 dav (3.1)

where |g| is the absolute value of the determinant of the coefficient matrix of
g, and g is the p, v entry of the inverse of the coefficient matrix (see [4]).

The D’Alembertian is independent of coordinates.

The inverse of the coefficient matrix is of the form

1 |
100 0

g =107
gjO gij

where §%°, ¢% = ¢/° and ¢¥ are smooth.
For notational ease, let |g| = ty(¢,z). From (2.3), the determinant of the

metric vanishes to precisely first order at ¢ = 0, so that y(0,z) # 0. The
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D’Alembertian in these coordinates (on t > 0) is

2

1y, 0 9 52
O=— 0
[tg oz T ? Zg 8taﬂ+z DO

i,j=1

1 o 109 1 0y 9g% g% 9y\\ 0O
+< 22 T o T 8t+z<6aﬂ +2’y(9xj> ot

g% 07 g% 9y n 297 g Oy o
+Z( +_+2_§+;<8:ﬁ 27893"))@]

The operator we will study is the negative of the D’Alembertian. It is

a singular second order linear operator with singularity along OM. In the

coordinates of Lemma 2.3, the operator we study is

|:| _lgoo 8 + Z gOJ 62 + i gZ] 82
ot? otoxrI Pyt o0xt0xI

1 o 109" 1 0y 9g% g% oy\\ O
+< 22 T o Tan 8t+2((9x3 278xj> o (32

agj 05 337 @gm g Oy 0
*Z( o *%*aa*z(axz 27(%1-))@

The precise problem we wish to study is as follows. Let 7 be a smooth

vector field such that 7 spans £, let ¢t be a defining function of M with
Otlom = T, and let (¢, z) be coordinates as in the construction in Lemma 2.1.
With these coordinates, we find a distribution v that, modulo smooth func-

tions, locally solves the initial value problem

;

Ou=0 int>0

i = 3.3
1{%11 U (3.3)

li -1/2 _
\ tl\r(%@ o) = uy

where ug, u; € C;>°(OM).
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Remark. It appears that the description of the problem depends on the choice
of coordinates, due to the fact that they are written explicitly using the ¢
coordinate. However, the condition that Ji|sgpy = T gives that it depends
only on 7. Suppose ¢, are other coordinates, with ¢ a defining function of
OM such that Oi|op = T. Then, since O;lopm = ¢(Z)0¢|om, we must have
c(Z) = 1. Both being defining functions of M, we have ¢t = tT(t,x). But
then, 0;:|oam = T(0, 2)y|op. Therefore, T(0,z) = 1, so £ =t + t*T(t,z). Note
that £=1/2 = (t+£2T(t, )" V2 = t7V2(1+tT(t, z)) V2. Now, (1+tT(t,z))""/?
is a smooth function of ¢ near t = 0. Therefore, (1+t1(t,z))~/? = 1+tR(t, z)
for some smooth function R. Therefore, £ 1/2 = t=1/2 + #'/2R(t, x) for some

smooth function R. Since t'/2R(t,z) = 0 on OM, we have

lim £~ /20;u = lim t~/20,u.
i—0 t™NO

Clearly, since t and t are defining functions of OM,

limwu = lim w.
N0 N0

Hence, the initial conditions only depend on the choice of vector field 7, and

not on the coordinates.
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CHAPTER 4

The Phase Function

4.1 Introduction

The theory of Fourier Integral Operators uses geometric techniques to study
partial differential equations. The theory does not directly apply to the prob-
lem at hand due to the singularities. The key ingredients are a phase, an
amplitude, the critical set of ¢ and the lagrangian submanifold determined by
¢. In this chapter, we will discuss the phase function and the lagrangian. We

treat the amplitude in Chapter 5 and 6.

Definition. Let I" be an open conic subset of X x R™\0. A smooth function
¢ : T — R is a phase function if ¢(z,0) is homogeneous of degree 1 in # and

dp #0onT.
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The critical set of ¢, denoted Cy, is the set
Cy = {(2,0) €T : ¢y = 0

where T is an open conic subset of X x R™\0.

A phase function ¢ is nondegenerate if the differentials of the functions ¢y,
are independent on Cl.

Finally, the lagrangian associated to a nondegenerate phase function ¢ is

the set

Ay = {(z,¢o(2,0)) : ¢, (2,0) =0, j=1,...m}.

If ¢ is a nondegenerate phase function, then Cy is a submanifold of X x
R™ of codimension m and Ay is an immersed (thus locally an embedded)

submanifold of T*X.

4.2 The Eikonal Equation

Definition. The principal symbol of [ is

7_2

palt,w €)= = (Tg% + D2 20% + Y g6 (4.1)
j=1

ij=1
We follow Lax (see [7]) and take the phase ¢(t,z,y,0) to be a solution of
the eikonal equation with initial data ¢|,—g = (z — y) - . The eikonal equa-

tion is po(t, x, ¢ (t,x,y,0), ¢.(t,z,y,0)) = 0, subject to the initial condition.
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Explicitly, we must solve

A%t +2Zg I 1 + Z 97160 =0 (4.2)

i,7=1

after multiplying the equation by —1.

We multiply by ¢/¢% and solve

G2 b Aty G =0

j=1 ij=1

with the given initial data. Since §% is positive, the matrix [§] is negative
definite, and the functions g% are smooth. We will henceforth omit the tilde.
Note that for t > 0, ¢ is a solution of this equation if and only if it is a
solution of the eikonal equation. Direct verification then shows that it is a
solution for t = 0.
We solve this nonlinear first order partial differential equation using the
Hamilton-Jacobi method (see [1], [6]). With 7 = ¢; and §; = ¢,s, we are

solving (¢/G%)ps(t, z,7,€) = 0. The Hamiltonian vector field for (¢/g")py is

H :(27' + 2t ing{fj)@t

+ i <2thJ'T + i (2759”'&))89“
=1 i=1

_ (Z( 0 )Tgﬁﬂz_ (69 +1%2 )a@)
_ Z (Z < 129 ]ng) jZ:l (t%&@))ask

We seek the integral curves of this vector field with some initial conditions. We

ask that at t =0, ¢ = (x—y)-6. Let r be a parameter for the parametrization
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of the integral curves. Take ¢(0) = 0. Then, in order that ps|;—o = 0, we must

have 7(0) = 0. The initial = is arbitrary, so write (0) = xy. For the initial

condition on ¢ note that ¢(0) = (x —y) - 6, so that ¢,|,—o = £(0) = 6. We seek

a solution of the following system with the given initial conditions:

{ = 2T+2tZng§j

j=1
i =297+ (21976
=1
n g0 " g
(S et 5 o+ )
j=1 i,j=1
. i g% i dg'i
& = ; <2t@75j) + Z; (tw&fj) (4.3)
¢ =2lpy =
t(0) =0, 7(0) =0
2(0) = o, §(0) =0

¢(0) = (zo —y) - 0

where the dot represents differentiation with respect to a parameter r. Imme-

diately one has that ¢ and y are constant along the integral curves.

This is a system of 2n + 3 first order ordinary differential equations with

2n + 3 initial conditions. The right hand side of each equation is smooth in

all variables. Therefore, there exists an € > 0 and a unique C'*° curve

re= (4(r), 2(r), y(r), 7(r), £(r))
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that solves (4.3) for r € (—¢, €) with

((0), z(0),5(0),7(0),£(0)) = (0, 20,y,0,0).

Furthermore, the solution depends smoothly on (xg,#). Therefore, t,z,7 and
¢ all depend smoothly on r, xg, 6.

We first investigate the relationship between the coordinate ¢ and the
parameter r. The function (r,xq,0) — t(r,z,0) is smooth. Furthermore,
£(0,20,60) = 0 but £(0, z9,0) = 27(0,20,0) = — 3.7, 9(0,20)0;6; > 0, owing

to the fact that ¢¥ is negative definite. By Taylor’s theorem,

1, I o d3t
t(?”, X, 0) = —57” gj(O, xo)ﬁzﬂj + 5 (T — S) T(S,.To, 6) ds.
0

Therefore, we may write (7, 2o, 0) = r*T'(r, xo, 0) where T(r,x, ) is smooth.
Furthermore, since £(0,z9,6) > 0, there is a neighborhood U C (—¢,¢€) x
R™ x R™ of (0, z,0) on which ¢(r,xzo,0) > 0. Therefore, T'(r,zo,6) > 0 and
T(r,20,0) is smooth on U. Let s = r+/T(r, zo, 0).
Now, $(0,20,0) = \/T(0,20,0) = \/— > ij=19(0,20)0,0; > 0. By the

implicit function theorem, there is a neighborhood U of (0, ¢, 6) € RxR™xR"

with U of the form (—¢,¢) x R" x R", a neighborhood V' C R of 0 and a unique

smooth function R : U — V for which R(s, x,0) = r with R(0, zo,0) = 0.
Now, our task is to determine xy in terms of s,x,60. Note that by Tay-

lor’s theorem we may write © = x¢ + r X (r, 9, 0) where X is smooth. Since r

is a smooth in s, xg, 0, we have that © = xy + R(s, xq,0) X (R(s,x0, ), xq,0).
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The determinant of the Jacobian of the map (s, zg,0) — (s,x,0) at (0, xg,0)
is 1. Therefore, for (s,z,0) in a neighborhood of (0,z¢,0) we can write
xg = Xo(s,z,6). Moreover, this neighborhood can be taken to be of the
form (—e¢,€) x V' x R™ where V' is an open subset of R™. Possibly shrinking e,
we may assume that for (s,z,0) € U, o = Xo(s, z,0), where U is of the form
(—e€,€) x V x R™. Again, this function X, is unique.

On (—¢,¢) X V x R™ x R™, we have the unique solution of (4.3)

¢(Syxay70) = (XO(Saxve)_y)e (44)
where X is smooth. Hence, ¢ is a smooth function of (s, z,y,0).

Lemma 4.1. There are two solutions of the eikonal equation (4.2) subject to
the initial condition ¢|i—o = (x —y) - 0. They are of the form ¢*(t,x,y,0) =
(x—1y)-0+132%(t, 2, 0) where YE(t, z,0) are smooth functions of t'/2, x and

6.

Proof. From what we have done, for any (xg, @), there is a neighborhood U C
R x R™ x R™ of (0,z,0) and a smooth function Xy(s,x,0) on U such that
o(s,r,y,0) = (Xo(s,z,0)—y)-0, where s = r+/T(r, 29, 0). Moreover, on U, this
solution is unique. Observe that s?> =t. For s € [0,¢), put Xg = Xo(V1,2,0)
and for s € (—¢,0) put X; = Xo(—vt,2,0). Now, define ¢*(t,z,y,0) =
(XS (Vt,2,0) —y) -0 and ¢~ (t,2,y,0) = (X5 (Vt,2,0) —y) - 0. Then, ¢+

and ¢~ are the only solutions of the eikonal equation satisfying the initial
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conditions. Thus, there are two solutions of (4.3), denoted ¢*, both of which
are smooth functions of v/, z, v, 6.
Both ¢+ and ¢~ are smooth functions of ¢'/2, and are so that ¢;"|,—o = 0,

and ¢*|;—g = (v — y) - . By Taylor’s theorem, we have that
0t = (2 —y) - 0+ 120 (2,0) + 15 (2,0) + %) (,0).
However, ¢i|;—o = 0. Thus, ¢ (z,0) = ¢35 (z,0) = 0, and ¢ is as claimed. [

It should be noted that ¢ is a solution of the eikonal equation in a neigh-

borhood of Uy near the boundary.
Lemma 4.2. The function ¢ is homogeneous of degree 1 in 6.

Proof. Since ¢ = 0 along the integral curves, and ¢ is homogeneous of degree 1

in 0 at t = 0, it remains homogeneous of degree 1 along each integral curve. [J

Lemma 4.3. The differentials of ¢g, are independent in a neighborhood of the

boundary.

Proof. We have that for each j = 1,...,n, %ij = o) —y + t3/2w6,ij. The
differentials of these at ¢t = 0 are dz/ — dy’, and these are clearly independent.

Therefore, they are independent in a neighborhood of the boundary. O

Corollary 4.4. The functions ¢ are nondegenerate phase functions in the

interior of M near the boundary.
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Proof. In the interior, the phase functions are smooth and homogeneous of

degree 1 in 6. Moreover, the differentials of ¢y, are independent. O]

The technical difficulty is in what happens at the boundary. The problem

is the functions fail to be smooth in the ¢ coordinate.

Lemma 4.5. Temporarily changing the C> structure so that s = t'/? is a
smooth function, the functions ¢ are nondegenerate phase functions in coor-

dinates (s,x,y,0) in a neighborhood U C M of any point py € OM.

Proof. Omitting the +, write ¢ = ¢(s,z,y,0) = (v —y)-0+5%)(s, x,0), where
s is as in Lemma 4.1. In these coordinates ¢ is smooth up to and including

the boundary, and homogeneous of degree 1 in ¢. The differentials of ¢y, are
o, = (1 + s>y, 4i)da? — dy’ + 5°y, yrda® + 35y, + 5>ty ods.

At the boundary, we have d¢y, = da’ — dy’, which are independent. There-
fore, the differentials are independent in a neighborhood of s = 0. Finally,
dp = 0 only when # = 0. Hence, ¢ is a nondegenerate phase function in a

neighborhood of any point on M in the coordinates (s, z,y,0). O

This gives us the insight that in some sense the s coordinate is the correct
one to use for the geometric analysis, since with this coordinate we have a
nondegenerate phase function down to the boundary. On the interior, it is

sufficient to work in the ¢ coordinate.
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We now seek a better understanding of the phase functions. We would
like to write a few terms of the their expansions in powers of /2. Write

¢ = (x —y) - 0+ 325 + t2F + 5/24)% . Using the equation

GO+ 2t el +t> et =0,

j=1 ij=1

we expand the coefficients in powers of t. Collecting terms of like order in ¢,

we can determine the coefficients appearing in the expansion of ¢*. This gives

tp?(tv T, gbta ¢$)

- (%900 (s3) + 300" %)

ij=1

+ 2 <6g°0w§wf LD g°j9j>

j=1
+ O(t?)
where each term from the metric is evaluated at t = 0. From these, we can

determine @Dgt and 1f. The w;} appears quadratically, so we must choose the

correct sign, as demanded by the definition of ¢*. Explicitly, we have

where, again, each term from the metric is evaluated at t = 0.

Remark. Momentarily changing the C™ structure of M so that s = ¢t'/2 is a
smooth function we have that the lagrangians parametrized by ¢* are smooth.

This is just because ¢* is a smooth function of ¢/
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The lagrangians are closed conic lagrangian submanifolds of 7% M, due to

the fact that our phase functions are nondegenerate (see [5]).



31

CHAPTER 5

The Transport Equations

5.1 Set-up

We have a suitable phase function, and its associated lagrangian. Now, we

seek as solution a distribution of the form
U= /[ei¢+(a0’+u0 +a ) + e (0% ug + abuy)] do dy

where ug = ug(y) and u; = u,(y) are the initial data, and a** = a®*(¢, 2, v, 0)
are symbols, in some sense.
We will work in a coordinate patch U in M that contains 2° € OM and

use the coordinates from Lemma 2.1.

Lemma 5.1. The operator acts on e®a as

O(ea) = € [pa(t, 7, é1, du)a + i[O, My)(a) + O(a)]
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where [, My](a) = O(pa) — ¢O(a), that is, the commutator of O and multi-

plication by ¢, applied to a.

Proof. For convenience, write the operator as

2 n
AOO 0
=29 6t2+ Zg]@t@ j+Zg +Aoat+ZAjaxj.

3,j=1 Jj=1

Now, direct computation, and using that ¢ is symmetric, gives
O(e%a) = [—goo( — ¢2a + 2iga; + idya + att)

T Z 90] ( Pr@2i @ + 1Oagi + 1Pgir + 1P g0 + a4 x3>

+> 9" ( — Qi Qi+ 2001005 + iQyizia + %m‘)

+ AO (Z.Qsta + Clt> + Z Aj (Z.QZijCL + axj)
j=1

and rearranging the terms and grouping according to the order of homogeneity

in @ we have

|:|<€i¢a) = [_ ( Aoo(bt + 229 J¢t¢$7 + Z g (bm (bxﬂ

,j=1

: 1 ~00 07 1
+ Z<2;g ¢tat + 229 j(¢taxj + (ba:jat) +2 Z gj¢zia$7

Jj=1 1,j=1

+ —d)tt - 22903% + Z 9" buias + Aoy + ZA@)
i,j=1 j=1
~00

+ g—&tt + Zg Qg i + Z g am’mﬂ + Ao&t + ZA g

t
1,j=1 Jj=1

e




This simplifies to

~00 n
D(ewba) - [p2(t7 xz, ¢t7 ¢z)a +1 (297¢tat +2 Z gOJ (¢ta$j + ¢$jat)

J=1

#2 3 ¢0.0+ 0(6) Ja-+ 00

1,j=1

Now, observe that

[D, qu} (a) =0(¢)a+ ¢O(a)

~00 n n
+ 297¢th +2 Zg()j <¢tawj + ¢xjat) +2 Z g”gbxiaxj - (bD(a)
Jj=1 i,7=1
/\00 n
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€i¢.

= D((b)CL + 297¢th +2 Zgoj(¢taxj + ¢a:jat) +2 Z gij¢a:ia:cj‘

7j=1 1,j=1

Therefore, we have
O(e%a) = [pz(t, T, ¢, Pz )a + i[O, My)(a) + D(a)} et

as desired.

[]

The equation above is often written in terms of the principal symbol and

the subprincipal symbol. However, when dealing with the operator acting on

functions, the subprincipal symbol is not invariant under changes of coordi-

nates. One must study the operator acting on half-densities in order for the

subprincipal symbol to be invariant.

The commutator of [J and multiplication by ¢ is a first order differential

operator. The vector field is tangent to Cy, and when transferred to the

lagrangian is precisely the hamiltonian vector field of ps.
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We formally write a*, i = 0,1 as expansions of symbols of decreasing
order. That is, a** ~ ZJ Oa £ where a” j-E is homogeneous in # of degree
—j —1i. Then, we collect terms of the same order in 6 and ask that they satisfy
the transport equation. That is, we write
O a™*) =ps(t, 2,67, 67 )ag*
+ palty, 6F, 65)at +il0, MZ](a)
+pa(t, 2, 0, 07 )aly + [0, M (ahy) + O(ag™)
+§j@ﬂx¢mwﬁ [0, ME)(a ) + D' ).
We have ¢F that satisfy pao(t,z,¢i, ¢F) = 0 in a neighborhood of Cy.
Therefore, pz(t,x,cﬁf,qb;t)aé’i = 0 in a neighborhood of Cy4. Next, we solve
pa(t, z, 6, o )a T + i[O, M;](aé’i) = 0 in a neighborhood of C}, with some
initial conditions. This is equivalent to solving i[(J, M;E](aé’i) =0, and is the
homogeneous transport equation.

After solving the homogeneous transport equation, we have that

pa(t, @, b, du)ao + pa(t, x, ¢r, @ )ar +i[0, Myl(ag) =0

in a neighborhood of Cs,. We continue in this fashion for 7 > 1 and solve
palt, z, ¢fa qb;t)ai—’:]":—Q +[0, Mﬁ(aiﬁ?—ﬂ + D(ai—dj:) =0

in a neighborhood of C4. We already have that py(t, z, ¢ ,gbi) 7] , = 0.

Therefore, for j > 1 we seek a solution of

0, ME](@) = 20(, ). (5.1)

i Y
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in a neighborhood of €y, with some sort of “initial conditions.” These are the

inhomogeneous transport equations.

5.2 The Homogeneous Transport Equation

The first transport equation is ¢[(J, M f](aé’i) = 0. We seek a solution on
Cy. In fact, we will solve for (¢,z) in a neighborhood U of py € OM (and
thus in a neighborhood of C}, near the boundary). This is a homogeneous first

order partial differential equation.

Lemma 5.2. There is a unique solution of

il0, My=](a) =0

ali—o = ao(x,y,0).
for (t,z) € U, and arbitrary y,0. The solution is of the form a = ao(x,y,0) +
ta(t,x,y,0) where @ is a smooth function of t'/2. If ay is smooth, then a is a

smooth function of t'/2, z, y and 0.

Proof. Write L* = [0, My+]. Omitting the =+, the operator is
2A00 0
L=(% ¢t+2§jg %)aﬁz (2023 Jou

AOO
+_¢tt+2zg ]¢tx3 + Zg]¢x igd

i,j=1

GO oo 00 0j 40
g oy 109 g% 7 Oy
+( 2t2+2t76t+t ot +Z<8:pj +278xﬂ> o

g“  09”  0¢" g <~ (97 0y
+Z<§+W axﬁaa* (zaﬂ))%'
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Using our knowledge of ¢, write ¢ = (z — y) - 0 + Ft3/% + pFe2 4 t9/2)%

Now, observe that

~00
g
Tﬁ 2t2¢t JFE:%QO%Zs _< ) Gt
, . 1 o . .
+ (2900¢Zt — "5 + §ZQOJ|t:09j>t "o
j=1

=0(t7?)

1

since ¢y = —1 19" |i=06;. This implies that the term that does not

1/2

differentiate has singularity in ¢ of order ¢~/“, and not the apparent order of

t=3/2. Also, ¢; is of order t'/2, and hmt\o 9t £ (. Thus, the coeficient

/2 Furthermore, the coefficient of 9,; is a

of 0, has a singularity of order ¢~
smooth function of t'/2. Now that the order of the singularities of each have

been determined, we may write, again neglecting the =+,

1 1

L = mwoﬁt + Z wjﬁxj + m’w
7j=1

where wy, w; and w are smooth functions of t1/2 x, y and 6, and wWol=o # 0.
We make the change of coordinates ¢t = s2. Then, 9, = 2—1563, and wy, w; and
w are all smooth functions of s. As the operator does not differentiate in y or
0, we will treat them as parameters. In these coordinates, the operator is of
the form
1 1
L= 9% ——5Wo0s +Zw]8ﬂ + w

J=1
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We may now solve

1 - 1
<—2w085 + Z w]@xj -+ —UJ>(I = 0
2s = S

Multiply both sides by % (a smooth function for s near 0). Then the equation

becomes
<5’s + Z 5227)3-814 + s@)a =0.
j=1
The vector field V' = 0, + Z;;l w;0,; is smooth, and Vs = 1. We may
therefore find coordinates 77, 1 < j < n so that {s, 7’} are local coordinates

and V77 = 0. Moreover, we may choose them so that at s = 0, 77 = 27. In

these coordinates, V' = J, and the equation is
(05 + sw)a =0 (5.2)

where w is a smooth function of s,z,6. This can be solved by integration,
giving a = C(,0)|s—0e~/ *% where the integral is the antiderivative that is
0 at s = 0. Clearly, the integral is smooth. Reverting back to the original
coordinates, we have that a = C(x,0)e~/*?%. This solution is unique up to
the function C(z,0).

If we ask that a|s—g = ao(x,0), with ap smooth, then a is a smooth function
of (s,z,0). Moreover, since a satisfies L(a) = 0, by (5.2) we have dsa|s—¢ = 0.

Therefore, a is of the form ag(z,0) + s*a(s,x,0) with @ a smooth function of

(s,x,0). This is the unique solution of (5.2) with a|s—g = ao(z,0).
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Finally, reverting back to the original coordinates, we have a = ag(z,6) +
ta(t,x,0) where @ is a smooth function of ¢'/2. Moreover, this function is the

unique solution of L(a) = 0 subject to the condition al;—y = ay. O

It should be noted that if the initial data for the homogeneous transport

equation is homogeneous of degree k in 6, then so is the solution.

5.3 The Inhomogeneous Transport Equations

5.3.1 Preliminaries

In order to determine the precise nature of the solutions of the inhomo-
geneous transport equations we need an understanding of the singularities of
O(t7*/?a’), and some technical results on the nature of solutions of the inhomo-
geneous transport equations. Specifically, how the singularity in ¢ of the right
hand side affects the singularity of the solution. Also, we are interested in the
order of homogeneity in 6 because after all, we are thinking of the solutions

as symbols.

Lemma 5.3. If aé’i 1s a solution of the homogeneous transport equation with

giwen nonzero initial data, then D(aé’i) = t72¢ where ¢ is a smooth function

of t'/2, 2,0, with &|;—o # 0.

Proof. We have that aé’i is of the form ag + ta. Simply applying [ to ag + ta
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and collecting terms according to order in ¢ one has

1 aon
D(CL) = —@goo‘t:()a +t 3/2b

where b is a smooth function of t'/2,z,0. Therefore, O(a5™) = t2¢ where ¢
ik _
—

is a smooth function of t'/2,z, 0. Moreover, ¢|;—g = a ap(z,0), the given

initial data for the homogeneous transport equation. If this data is nonzero,

then &,_o # 0. 0

We will encounter more functions of this form. Therefore, it is useful to

have an idea of how [ affects the order of singularities in .

Lemma 5.4. If @ is a smooth function of t'/2, .0, homogeneous of degree k
in 0 and v € N, then O(t7/2a) is of the form t=/>73¢ with ¢ homogeneous of

degree k in 0. Furthermore, if al—o # 0, then ¢|—o # 0.

Proof. Tt is clear that CJ(¢7*/2a) is of the form t#& with & a smooth function
of tY/2 x. 0. Write t7/2a = t7"/2ay(x, 0) + O(t~/>T1/2) where ag(z,0) = @0
Then,

3
D(t_y/2d) _ V(VZ‘ )§00|t:0(10(I,9)t_y/2_3 + O(t_(y+5)/2).

Since v € N, v # 0,—3 and the coefficient @ # 0. If al—p # 0, then

@goohzoao(x, 0) # 0 and the singularity in ¢ is of order t~*/273. Therefore,

we may write (I(t77/2a) = t7/>73@ with & a smooth function of t*/2 z, 6.

Moreover, &|i—p = 242 §%,_gaq(x, 0) = “42 5%, _dl,—o. Thus, if dl—o # 0,

then &l,—¢ # 0.
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Finally, if @ is homogeneous in 6 of degree k, then t~*/273a(t,z,rf) =
O(a(t,z,70)) = O(rka(t, =, 0)) = r*0O(a(t,z,0) = r*/>-3a(t,z,0). Thus,

a(t,x,r0) = r*a(t,x,0) and & is homogeneous of degree k in 6. ]

Now that we know how [J affects singularities in ¢t and homogeneity in 6,
we analyze solutions of the inhomogeneous transport equations. Again, we

work in a coordinate patch.

Lemma 5.5. Let a_(;_1y be a smooth function of /2, x,0, with a_(j_1)|i=0 #
0. Then, for any v € N, v # 3, there exists a unique solution of
L(a—;) =t a_;
Coa—;) = a—jo(x,0)
on the coordinate patch U, where Co(a—;) is the coefficient of t° in the expan-
ston of a_; in powers of t1/2. The solution is of the form a_j = t_”/2+3/2&_j

with @_; a smooth function of t*/2 x.0.

Proof. As in Lemma 5.2, we change coordinates to s = /¢ and write the
transport equation as

1 - 1 )
(@’woas + JZ:; wjaxj + ;U)) a—j =38 Q_(j—-1)

where wg, w;, w and a_(;_;) are smooth functions of s, z, 0. Multiplying both

. 2
sides by i}io we have

<as + 32 Z @]35,;] + 3@) a_; = S_V+2O{_(j_1).
j=1
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Again as in Lemma 5.2, we change coordinates: with V' = 9, + s? > iy WO,
choose 77 so that V7 = 0 and #7|,—g = 27, giving coordinates (s, z). Then, in

these coordinates the operator is
(85 + S?I)) a_j; = 57V+266_(j_1)

with 1 and &_(;_;) smooth functions of s, Z, 6.
Observe that

(as + su?)e’fwdsf — ooy, f
With a_; = e~/ 4 f the problem becomes
e—fu?dsas f _ S_V+2d,(j,1)
or equivalently,
as f — S*l/+2/8

where § = &_(j_l)ef@ds, a smooth function of s,z,0. This can be solved by
integration: f = [s“"?8ds. Since v # 3, the result of integration is of
the form s~**34 4+ C(&,0) with § a smooth function of s,Z,6, and C(&,0) a
constant of integration. This solution is unique up to the additive function C.

Now, recalling the definition of f we have that
a_j =e J0ds (S_”+36~ +C(z,0)) = s Pa_; + C(z,0)

with a_; smooth in s, 7,0 (and depending on the function C).
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The coefficient of s” in the expansion of a_; can be specified by an appro-
priate choice of C'(Z,6). This is equivalent to adding a specific solution of the
homogeneous equation.

Reverting back to the original coordinates, we have a_; = t7/*¥3/25_

with a_; a smooth function of t'2 1z, 0. O

Now we know the order of the singularity of the solution of the inhomo-
geneous transport equation in terms of the order of the singularity of the
inhomogeneous part. As for the homogeneous transport equation, we seek

information about homogeneity in 6.

Lemma 5.6. Let a_(;_y) be a smooth function of tY/2, x, 0, with o homogeneous
in 0 of degree £ and a_(j_1)|1=o # 0. Let a_jo(x,0) be smooth and homogeneous

of degree £ — 1 in . Then, the solution a_; of

L(CL_j) = t_y/2Oé_(j_1)
Cola—;) = a—jo(x,0)

1s homogeneous in 0 of degree £ — 1.

Proof. By Lemma 5.5, a_; is of the form ¢*/2+3/2G_; with a_; a smooth
function of t'/2, x, 6. The coefficient of each term in L is homogeneous in 6 of
degree 1. The operator does not differentiate in #. As the right hand side is
assumed to be homogeneous in 6 of degree ¢, any particular solution must be

homogeneous of degree £ — 1, up to an additive solution of the homogeneous
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transport equation. The condition that a_;o(x,6) be homogeneous of degree
¢—1 in 0 gives that the homogeneous solution being added is also homogeneous

of degree £/ — 1 in 0. Hence, a_; is homogeneous in ¢ of degree ¢ — 1. m

5.3.2 Solutions

We make the ansatz that the solution operator is of the form
u = /ei¢+(a0’+u0 +a' T up) + € (a” g 4 atuy) dy db.

Furthermore, we want some form of the “initial conditions” for the transport

equation that respect the conditions for the problem we are trying to solve:

lim u = d lim(t%)uy = uy.
lim u = up an 1tl\r%( Jur = uy

o) i+

i+ as expansions a** = ° j—0a_;, where, as it turns

Writing the functions a
out, ai_’jj[ is eventually homogeneous in 0 of degree —j — i, these conditions can

formally be interpreted as
Z Co(a%]) + Co(a®;) =1
i 126 |i=0Co(a}) + (t71%i¢; ) |i=0Co(a’;)
=0
+Co(t 20 _)) + Co(t71 20 _y)) | =0

ZC Y+ Coa 5)=0
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Z (t7%i¢ )| im0 Co(al ) + (t %16 )|=oCo(aly)
=0

+Co(t20hal ) + Co(t71 20l ) | = 1.
We solve this system by asking that
Colag™) + Colag™) =1
Colag™) + Colay™) =0
(t7 i) imoCo(a) + (t%i¢; ) 1=Co(a’}) = 0
(126 )i=oColal)) + (t71%i¢; )i=oCo(ay ) = 1
and for j > 1
Co(a}) + Cola7) =0
(t7 i) i=oCo(a) + (t%i¢ ) i=oCo(a”})
—i—Co(t’l/Q@ta(i’z;._l)) + Co(t 1/28ta Gon) =0
Co(al]) + Co(al;) =0
(t72i ) i=oCo(al]) + (t7%i¢; ) i=oCo(al})
+Co(t 20l _))) + Colt™ 20l _y)) = 0.

Definition. For notational convenience, let

and

J Zgﬂlt oi; = 101

i,7=1
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Using our knowledge of ¢*, we have that (t=%/2i¢i)|=0 = £16],/1/3%|i=0-
Thus, we can determine Cy(as™). The equations are
Colag™) + Colag™) =1

Colag™) + Colag™) =0

101, I P 0-\ _
I~ tZOC'O(aO ) — i - t:oco(% )=0
g g
- 101, 1y 18l 1
Colay") —i——=| Chlay ) =1
t 300 |10 o(ag™) —i 500 l1=0 o(ag™)
from which we have the solution
1 _ 1
Co(ag™) = 3 Colag™) = 5

Colabt) = V3% i=0 1,— §°°|t:0'

ag —ng Colay™) = —

For 7 > 1 the system can be written

C()(CLO’_-‘—) + CQ(CL()"_) =0

Co(al_’j) -+ C(](CLE;) =0

_ V%= _ _ _
C()((l(l’;r) - C()((l(l’j ) - _Wgo (Oo(t 1/2(915(1%6_1)) -+ Co(t 1/28ta(i’(j_1)))

B /500, B - ~
Co(alT) — Co(ay) = _ﬂTéO(OO(t 1/2@(11,’671)) + Colt 1/2@@1!(;;1)))-

We can write the solutions for C’o(ai_’f) in terms of ai_’j(tj_l). Explicitly, we ask
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that

/500,
Cofa) =~ (20,05 ) + ol 20 )

= 2160
0,— V §00|t=O _ 0,+ _ 0,—
Colaz;) = ng(c‘)(t 20ua ) + Colt l/zat“—(j—l))>

/700
C’o(al’f) _ _ VY =0 =0 (C’O(zf’lm@tal’Jr )) + Co(t*1/2ata1_»(* )))

2i6[0 ~(G-1 =

/200]
Co(al_’;) - QQZ'Tlfoo (Co(tfl/Qatal_’z;_l)) + Co(tfl/zatal_’(fj_l)»
g

At this point, we are ready to determine precisely the nature of the singu-
i

larities in ¢ and homogeneity in 6 for the functions a” T

Lemma 5.7. The solutions of the homogeneous transport equation on the

coordinate patch U with the desired initial conditions are of the form ag’i

agff—ktdg’i with &8’i a smooth function of t'/2, 2,0, homogeneous in 0 of degree

0+ 1+ Lt | s ld g <1t :
0, and agy = 1/2. Also, ay™ = agy + tay™ with ay™ a smooth function of

1

. 1
t1/2 2,0, homogeneous in 0 of degree —1, and ao’at = im.
’ g

Proof. This is immediate from Lemma 5.2 together with the fact that the

initial conditions are homogeneous in € of the proper degree. O

Lemma 5.8. For j > 1, 1= 0,1, there is a unique solution of

iL(a"E) = 0(a"=, )

J —(3-1)

' /700]_ . -
C()(Cll’i) = :':2giT||li)(J <Co(t_1/2atal_’?j_1)) + Co(t_l/QatCLz_’(j_n))‘
g

on the coordinate patch U. The solution is of the form ai_’jj[ = t_3j/2+1di_’jj[ with

~i,+ . 1/2 . . .
a’; a smooth function of t /2 2,0, homogeneous in 0 of degree —j — i.
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Proof. The symbols aé’i are smooth and homogeneous in 6 of degree —i.
Therefore, O(a5™) = t~2a4™ where o™ are smooth functions of t'/2, z,0 and
homogeneous in @ of degree —i. Therefore, Cy(t~/20,a5™) + Co(t~20af")
is also homogeneous in # of degree —i, and smooth in x, . This implies that
C’O(ai_’jf) is a smooth function of x,f and homogeneous in 6 of degree —i — 1.

By Lemma 5.5, there is a unique solution of
iL(a"7) =t 2ag™

. A/ %01, _ . ,
Cola'}) = F Y | 9‘|g—0 (Colt™20ua") + Colt204af))
g

S j _1/2~i% _8j/241~irk ~it
and the solution is of the form "7 = t~Y/2a"7 = t~%/2+1a"T where a"7 is a

. i . .
smooth function of t'/2, x, 0. Moreover, by Lemma 5.6, "7 is homogeneous in

0 of degree —i — 1. Therefore, the conclusion holds for j = 1.

if,i _ t_3J/2+1difj

Assume the conclusion holds for 57 < J. Then, a”; and

a"% is a smooth function of /2 z, 6, homogeneous in @ of degree —J — i.

Therefore, :F—”ij;l‘f):o <C’0(t*1/28tai_’fr]) + Cg(t*1/28tai_’})) is a smooth function
g

of z, 0 and is homogeneous in 6 of degree —J —i—1. By Lemma 5.4, D(aifj) =

t737/2726"% where o' is a smooth function of t'/2, z, #, homogeneous in 6 of

degree —J — 1 — 1. By Lemma 5.5 and Lemma 5.6, there is a unique solution

of
() = 1772
i V9% le=0 - i - i
Co(a'}) =$T9||t0(00(t YV20a") + Colt20,a) )
g
of the form ai_,ﬂ(:JH) _ t*3J/2*1/2di_’j(EJ+l) — t73(J+1)/2+1di_n(_LJ+l) with di_’j(_LJH) a,
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smooth function of t'/2,x, #, homogeneous of degree —(.J +1) — i in 6. Hence,

by induction, the conclusion holds for all j > 1, and ¢ = 0, 1. O

Essentially, this says that ai_’jjE has a singularity in ¢ at worst of order
t=%/2+1 and is homogeneous in 6 of degree —j — i. Moreover, we can arrange

that Co(ai_’f) be the given functions, and with these conditions the solutions

are unique.



49

CHAPTER 6

The Symbols

6.1 Review

Definition. Let X be an open subset of R", m € R and let p,0 be any
real numbers. A symbol of order m and type (p,d) on X x RY is a function
a € C®(X x RY) such that for any K compactly contained in X and any

multiindices «, 3, there exists a C' such that
0295 a(z,0) < C(1+|0)™ — |Blp+ |ald ¥V z € K, § € RV,

The set of symbols of order m and type (p,d) on X x R¥ is denoted (X X

RY). Also, define
(X x RY) = U (X x RY), S7®°(X x RN) = ﬂ (X x RY).

The space S™°(X x R") is independent of p, §.
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With the topology generated by the seminorms, 57 is a Fréchet space.
One of the most useful facts is one of summability, given in the following

lemma. The proof is motivated by that of Borel’s lemma.

Lemma 6.1. Suppose a; is a sequence of symbols in SZ{(U x RY), where U

is an open subset of R™ with m; ~\, —00 as j — oo. Suppose further that K, is
a sequence of compact subsets of U such that Ky C Koy and |J K, = U. Let
Pir i be the seminorms of type (p,d). Finally, suppose that py'i (a;) < 277 for

0 </?¢<j. Then, for any jo € NU{0},

> a; € S)(U xR,

J=Jjo

Proof. We show that the pﬂ“}( seminorms of the terms forms a converging
sequence. Fix M > 0 and a compact set K C U and consider the sum E‘;‘; 0 G
Let ¢ be such that £ > M,jo and K C K;. Then, for j > ¢, p3/%(a;) <
P, (a;) <279, For jo < j <L, pplie(ay) < pyfgla;) < oo since my; > my,.
Therefore, p;&“}( (a;) is a Cauchy sequence, and hence pﬂ“}((z;’i jo a;) is finite,

and the partial sum is in the desired space. O]

We would like spaces that are a little more general. Fix p,d,7,m € R, and

let I be a compact subset of R and U C R" open. We would like to define

m

P75777([ x U x R™), so that this space is a Fréchet space. To do this, for any

compact set K C U and any M € NU {0} we define seminorms

1020y f(t,x,6)
(1 + |Q|)mtrotnlal=pltl |

Q;\?[,K(f(t T, 9)) = sup
(t,w)eIx K
r+|al+B|<M
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We define S, (I x U x R") to be the set of functions f(t,x,0) € C°°(I x
U x RY) for which o3} ;(f(t,z,0)) is finite for every M € NU {0} and every
compact set K C U.

The proof that this is a Fréchet space is the same as for the regular symbols
of type (p,0). First, define the topology given by the seminorms for countably
many well-chosen compact sets. Show that in this topology, it is complete
with respect to each seminorm, making it a Fréchet space. Then, show that
the topology generated by the seminorms for any compact set is equivalent to
the constructed topology. Since it is a Fréchet space, the proof of Lemma 6.1
is valid for sums whose symbols are of type p,d,n with a given compact set
I CR

Finally, there is a useful notion of a sum of symbols being asymptotic to a
given one. Suppose a; € SZ;(U x R™) for some U C RY open, and m; \, —oo
as j — oo. If a € )% (U x R") is such that

a— Za_j € Sy (U xR")
j<k
we say that the sum of the a; is asymptotic to a and write a ~ Z?io a_;. This

a is unique modulo S™*°, and any rearrangement of the sum is also asymptotic

to a. For a proof, see [5].
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6.2 Amplitudes

We have from Lemma 5.8 that for ;7 > 1 the solutions of the transport
equations are of the form ai_’jj[ = ¢=%/ 2+1di_’jj[ with di_’f a smooth function of
t1/2 2,9, homogeneous in 6 of degree —j —i. The solutions of the homogeneous
transport equation are of the form aé’i = aé’fg + t&é’i with &é’i a smooth
function of t'/2, z, 6, homogeneous in 6 of degree —i.

We seek actual symbols so we can add them asymptotically to get our
solution operator. One of the issues is the singularities in ¢. Another issue is
the singularities of ¢t~/ 2@&1’? that appear in the initial conditions. The new
singularities in the terms involving the derivative come from terms of order
t'/2 or ¢! in the expansion of the functions a®*. We will isolate these terms
that give rise to singularities, and show there is a uniform bound so that the
asymptotic sums converge.

For j > 1, the functions ai;j]-t are of the form ¢ =37/ 2“&1’? with di_’jjc a smooth

function of ¢*/2. Therefore, we may write an expansion of the form

—1
i [ S (s ) e

k=—3j+2

it
+aSo+

3/2 ~i, %
t a_j]

i it it
=al;staljotal;p

i+ . i, - :
where " ¢ are smooth functions of (z,6), a” 7 1s a smooth function of 2 2.0

and all are homogeneous in 0 of degree —j — 1.

The function ai_’f ¢ will be referred to as the singular part of aij, and the
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. i+ . 1 ) ) -
function a” ;& Will be referred to as the regular part of a’ 7 Likewise, for ag™,

we may write an expansion of the form

R e i+
ag =tagy +agy +

t3/2dé,:|:]
where aé’f; and aé”% are smooth functions of (x, ) homogeneous in 6 of degree
—i, and aé’i is a smooth function of t'/2, z, §, homogeneous of degree —i in 6.
Denote agyt as agg and agy = t¥/%a4". Again, we will call agp, the regular
part, and ag’f_; the singular part of aé’i.

The order of the singularity in ¢ for each aifjfs is t=%/2* 1 for j > 0,1 =0, 1.
+

For convenience, write a'

i . .
S i+ Then, a7’_j ¢ 1s a smooth function

of t'/2 1,6 on [0,1) x U x R™ and homogeneous in @ of degree —j — i.

We will exploit the fact that the t singularity of these amplitudes increases
in order linearly, while the order in 8 decreases linearly. In order for the sum of
the amplitudes to converge in a suitable symbol space, we need the j** symbol
to be small when regarded as a symbol in a space of higher order. This is
achieved with the aid of a cutoff function. For the singular part, we choose a
cutoff function that is 0 for t = 0, while still allowing for decrease in the order
of . With the same cutoff function, but having an argument independent of
t, we cut off the regular part so that we can add the symbols. We now define

these symbols.

Definition. Let y € C2°(]0,00)) be so that x(r) =0if r <1 and x(r) =1 if

r > 2. Furthermore, let 0 < ¢; <1, > 0, all to be determined later. Change
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coordinates with s = /t. For j > 1, i =0, 1 define
ALS = 57T ox(55101°) x (2510]) + alGox(55101) + a px(e54116])
and for j = 0 we define
AGE = agsx(£0s10]°)x(20l0)) + agp + agpx(e1l6]).

We write

A_js= s_3j+2&i_’isx(ajs]9]5)x(5j|6|)
and

Ajr = a5ox(5101) + a5 px(e 16])

and call A_; g the singular part and A_; r the reqular part of the function Az_j;

Remark. The choice of using different ¢ for the regular and singular parts is
only for the purpose of making some later computations easier. Taking the

same ¢; in the argument of x will also work.

Note that with a change of coordinates of the form s = rs for some r > 0,
we may assume that A_; is defined for s € [0, 1] and smooth on [0, 1] x U x R™.
We make this assumption from now on.

To simplify notation, we will work in coordinates with |#| = 7. This affords
relatively simple bounds on functions of the nature we will encounter. In order

to facilitate this change of coordinates, we have a lemma.
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Lemma 6.2. For 0 # 0, the change coordinates 0 — (w,T) with (w, ) €
Sl x (0,00) where w = /10| and T = |0| is smooth. Moreover, for any

multiindex 3

9= > graslw)yr oL

0<|y[+r<]B]

where each g, p,.(w) is smooth for w # 0.

Proof. 1t is clear that the change of coordinates is smooth for 6 # 0. For the

derivative, note that

n

1
Oy, = WOy + — Ot — m ) O, -
Om w +7_Z( ’, Wew ) 0

(=1

where 9y, is the Kroneker delta. This is of the form

S gl o

0<|y4r<IBl

where |§| =1 and g, is smooth. Suppose that

0= > graslw)yr o]

0<|y[4+r<]B]

for 0 < |3| < N. Fix 8 with || = N. Then, for some m and 3 with

|B| =N —1, 85 = 89m8§. By assumption, this is of the form

O, D gpelw) 0L

0<|y]+r<|B]
Having an explicit formula for 0y, in terms of 7 and w, this is

n

(wmr + % > Oem = wm)ds ) (D0 gy orn)

=1 0<|y|+r<|B|
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Expanding gives

wn > (= 1BDg, 5, @) A0 4 g, 5, () P )

0<|y|+r<|B|
+ Z ((5@7771 - wgwm) Z (a‘% (g%B’T(w))TT—‘m—la:a;}y
=1 0<[y|+r<|B|

+ g%ﬁ,r (w)Tr_|B_1aialawe>)

which can be written as

- 3

0<|yl+r<IB|

W (1 = |B) gy 5., (w) 7" =P )

+ Wimd, 5 (w)TTH_('B'“)@T“@“’
mJy,B,r T w

+ 3" Ot — W)y (g, 5, (W)~ D)
/=1

(=1

+ Z(éﬁ,m - Wﬁwm)gmé,r (W>TT(B|H)8:QZ&U@]

= Z <wm(r - ‘B‘)g%é,r(w)
0<|y|+r<|B|

n

+ Z((Sé,m — Wl ) Oy, (Q%B’T(w)))ﬁw(xa‘z

(=1

1— 1
+ Z “m3y B (w)r Pty
0<|y|+r<|8|

DY (e — wiwn)g, 5, (W) POI)0,

0<|y|+r<|B| £=1

The function g} 5, (w) = Wi (r —[51)g, 5, (W) + 3211 (e — wetwm) Dy (9, 5., ()

is smooth. Let g} 5 = 0if r +|y| = 8. Then, the first sum can be written as

Y. Gew)r o]

0<|y|+r<|8]
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For the second sum, put g2 5., (w) = wing, 3, (w) and let g2 5, = 0. After
reindexing, the second sum becomes

Y. Fawr g,

0<|y|+r<|8]

For the last sum, put ggﬁm =0 if ¥ = 0, and we can write

S S G — wrton)g, 5, ()7 r050L,

0<|y[+r<|B| =1

= Y g P

0<|F|+r<|B]

where g2 5 .(w) is smooth.
Finally, writing v for the index in the last sum and setting g, 3, = g}/, grt

dy = Z gy pr(W)TPloray.

0<|y|+r<|8]

Hence, the formula holds for all 5. m

The task of determining the symbol spaces and convergence of the asymp-
totic sums will rely on determining suitable bounds on the functions Al_f
Since our initial conditions include the operator s=28,, we consider functions
slightly more general than the Alfj to allow for the extra negative powers of
s. The bounds reflect the space the symbols are in, and that the symbols are
small in the seminorms of symbol spaces of higher order and the same type.

We begin with some simple bounds on the cutoffs.
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Lemma 6.3. If x(r) is a function supported on r > 1 and constant for r > 2,
then for s € [0,1],0<e <1,7>0, >0 and m > 0, the function O™ x(es7°)
is smooth in s, 7 and is of the form 77X, (es7°) where X, (r) is supported in

1<r<2.
Proof. We use induction. The first derivative
0-x(es7%) = \'(es70)desT 110 = 771 [(5}('(657’5)5375].

The expression in brackets is a smooth function of es7?. Moreover, it is sup-
ported on 1 < es7% < 2 owing to the fact that y(r) is constant on 7 < 1 and
r > 2. Hence, with y;(es7%) = dx/(es7°)es7°, the result holds.

Assume the result holds for 9™~ for some m > 1. Then, d™y(es7?) =
0:0m 'x(e579) = 0 (77 Vx,,_1(e57?)) with yp_1(r) supported in 1 < r <

2. Now, we have
Omx(est0) = 0.7~ Vi (e57°)
= —(m — D)7 " Xm_1(es7%) + 77N (e57°)desT !
=7 m|§ / 1 5 - S
=T Xon_1(e8T%)esT® — (M — 1) X m_1(e8T°)|.

The expression in brackets is a smooth function of es7?, and is supported in

1 < es7% < 2. Hence, the result holds for all m > 1. O

We now bound derivatives of the cutoff functions.
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Lemma 6.4. Suppose x is as in Lemma 6.3, and that m € N U {0} and

0 <e <1 are given. Then, there is a constant C independent of € for which
‘8;”)((57)‘ <Cr ™.

Moreover, for any nonnegative integer k and § > 0, there is a constant C

independent of s,e for which

okom (X(S&‘TJ)X(&‘T))‘ < Cskrm,

Proof. For the first inequality, simply note that 07y(et) = e™x(™(e7) =
7~ (eT)™x ™ (e7). If m = 0, we have not differentiated and the inequality
is immediate due to the fact that x is bounded. If we have differentiated,
then x™(r) is smooth and has support in 1 < r < 2. Therefore, x™ (r)
is bounded, and (7)™ < 2™. With C = 2™ sup [x™(r)|, we have the first
inequality.

By the Leibnitz rule,

o (xtserten) = 32 (M)or (tser) (02 xtem)

r=0

By Lemma 6.3, we can write
Ix(est®) = 77" ), (es70)

where Y, is smooth. Therefore, the expression to bound is the absolute value

of

Z (T:) TTONX (esT0) O T X (eT).

r=0
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It suffices to bound the absolute value of the summands, since the sum is finite.

Clearly,
o " x(eT) = sm_rx(m_r)(m) = Tr_m(ET)m_rX(m_r)(ET).

Any derivative of y is compactly supported, so that (e7)™ "y ") (e7) is

bounded for any 0 < r < m. This gives the bound
[rrarTx(er)| < O

Furthermore, y(es7°) is supported for es® > 1. Therefore, y(es7°) van-

ishes to infinite order in s at s = 0. For s # 0, we may write
(eTé)kxﬁk) (es7%) = s’k(esﬁ)kx,(ﬂk) (es7°).

If k = 0, we clearly have the bound, since Y, (es7°) is smooth and constant for

its argument greater than 2. Hence, if £ = 0, we have

ar ()((8575))((57)) ‘ <Cr™™.

If £ > 0, then we have differentiated x,. Since it is constant when its argument
is less than 1 or greater than 2, Xf»k) (es7?) is supported in 1 < es7° < 2. Thus,
[(esT0)¥| < 2%, and |x{¥(es79)| is a bounded function as it is smooth and
compactly supported. Hence, there is a constant 7, independent of ¢, s such

that

sk (5375)16)(&’“) (es7%)| < Cys~hrm,
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These allow us to sufficiently manage the derivatives of the cutoff functions.
Now, we derive bounds for functions reminiscent of the regular and singular

parts of our amplitudes. These will be the key to summability of the symbols.

Lemma 6.5. Let U C R" be open and let f(s,z,0):[0,1] x U xR" — R be a
smooth function of s, x, 8, homogeneous in 6 of degree d. Fiz pu,v >0, > 0,
0 <e<1. Lety:[0,00) = R beasin Lemma 6.5. For any compact set
K Cc U and any M € NU{0}, there are constants C' and C', both independent

of € and s, such that

0,030y (3_Vf(57$,H)X(€S|6”5)X(g|0|)> e .
(sw)il[g)l]w (1 4 |@])mtd+dv=|pl+ro < Ce (6.1)
r+|al+|8l<M
and
0,020y (f(s,x,e)x(e\e\)) o o
su c ‘
(s,:}c)e[OI,)l}xK (1 —+ ’0’)N+d*|5| -
r+lo|+|B|<M

Moreover, if we restrict s to a compact set KC (0,1), then we have the bound

00205 (57 f(s,,0)x(e5161°)x(=10)))
(L+ [py==T

sup < Cet (6.3)
(s,2)EK XK

T+|al+B|<M

where C'is independent of ¢.

Proof. The expression to bound is supported in ¢]f| > 1. Since ¢ < 1 it
follows that |#| > 1. Therefore, we may change coordinates 6 — (w,7), as in

Lemma 6.2. Moreover, by Lemma 6.2, with this change of coordinates

ool = Y guaaw)rPorazanor

xT woT
0<|y|+¢<|8]
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With this change of coordinates, f is only defined for w € S"~!. Extend f as
constant radially in w so that it is defined in a neighborhood 0 ¢ U of S"1.
Furthermore, f is homogeneous of degree d in 7.

Now, the supremum for x € K and # € R" is equivalent to that for
(r,w) € K x S" ! and 7 € [0,00). The function x(e7) vanishes to infinite
order at 7 = 0. Therefore, it is sufficient to bound for 7 € (0,00). At this

point, we must bound functions of the form

0507 0307h(s, x,w, )

E -8 4
Sup Gv.8, (w)Tq S Ce (64)
(s,0,w)EK XK xSm~1 0<|r|1a<|8] T (1+T)#+77

rlal+Bl<M TS

where K is either [0, 1] or a compact subset of (0,1), and 7 is the appropriate
power in the denominator. Since 0 < |y|4¢ < |5], it is sufficient to obtain the
bound for the supremum over r + |a| + || + ¢ < M. Moreover, since the sum
is finite, it is sufficient to have a bound of the desired form for the absolute

value of each summand. That is, it is sufficient to bound

8r8aa“/aqh W,
Sup gv,ﬂ,q(w)T‘]—W 105004k (s, z,w, T)

+
(s,x,w)EK 1 x K xSn1 (]' + T)“ g
r+lal+|yl+e<M

with |y| + ¢ < |B|. Furthermore, since each g, g,(w) is smooth, there is a
constant C' for which g, ,(w) < C for w € S" ' and || + ¢ < |3] for all 8
with |3] < M. Finally, writing & = (z,w) and & for the multiindex obtained

by appending v to a gives g(s,z,w,7) = g(s,Z,7) and 929) = 0%. Therefore,
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having the bound for (6.4), is equivalent to having the bound

sup Tq7|’8| a;ag‘agh(s, :f,T)

+
(s,x,w)EK1 x K xSn1 (1 + T)'u K
r+|a|+q<M

< Ce*.

Finally, the last simplification comes from the observation that each denomi-
nator has a factor of (1 + 7)*. Since the expression to bound is supported on

er > 1and e <1, we have (1 +7)# < 77# < et on the support. Therefore,

sup 7_q—|,6’| agagagh<57j7T)

+
(s,z,w)EK 1 x K x Sn~1 (1 + 7—)# K
r+|a|+q<M

- . 19 050505, 7)

n (s,zw)EK I x K xSn~1 (1 + 7')77
r+|&|+q<M

so it suffices to show that

STXx T

qulﬁ\ aTa@aqh(S, i‘, T)
e

is bounded for 7 in K x S"7!' s € Ky, and 7 + |&| + ¢ < M.

For the first inequality, we must show that

o 2050 (5.3 (e (e)
(1 + T>d+5u—|ﬂ\+r5

is bounded for s € [0,1], z € K x S™ 1.

Since 1 < 7, for any n € R there are positive constants ¢, and C, such
that ¢,77 < (14 7)7 < C,7". Therefore, we may replace the (14 7) in the
denominator with 7.

Furthermore, we can omit the # derivatives. Since f is smooth and homo-

geneous in 7 of degree d, so is 92 f. The only dependence on w is in f, and
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02 f has the same properties as f. Therefore, it is sufficient to show the bound
for a = 0.

These observations together give that we need only show that

o191 050857 f (s, &, ) x(es7°) x(e7)
rd+év—|B|+rd

is bounded for s € [0,1], Z € K x S""!. By Leibnitz rule, and cancelling the

778 we have

>y () (5)rreerriors (somtss. ) oret (viesrnten) ‘

p=0 /(=0
Since this is a finite sum, it is sufficient to bound the summands.

By Lemma 6.4, there is a constant C'; for which

oPo” (X(5576)X(€T)> < CysPrt

Furthermore, for s > 0

T=p

o (s fls.am)) = 3 Obs OO (s, 3, 7)
k=0
r—p
k=0

where Cj, is a combinatorial coefficient (and 0 if v = 0). We have s < 1
and k < r — p, giving s7% < sV Also, f is smooth and homogeneous
of degree d in 7, so 9" P ¥f(s,,7) also has these properties. Therefore,
09-tor=p=k f(s, ¥, 7) is smooth and homogeneous in 7 of degree d —q+¢. Thus,

for  in a compact set, 0 < s < 1, and 7 > 1 since we are only interested in
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the bound on the support of the expression, there is a constant Cs for which
(G087 (5,2, 7)| < Gy 70t

Hence, we have the bound

arr (s*”az*f (5,7, T)) ot (X(€s7'5) X(m)) ‘

< CsfufrerTdqurfsprfZ _ Csfzzferfq
from which it follows that

qudfézzfré

o (8,,,834 (s, 7, 7)) %4 (X(es#) X(m)> ‘

< Oramd-bv=rdgmv=rrd=q _ ((gr0)
Finally, the expression is supported in est® > 1. Therefore, st > 71 > 1.
Hence, (s7°)7"~" < 1, proving the inequality in (6.1).
Next, we prove the bound in (6.3). With the same argument as above, it

suffices to prove that

191050757 f (5, &, T)x(es7°) x (e7)
Y]

is bounded for s in a compact subset of (0,1). By Leibnitz and rearranging

terms, we may write this as

z’“: Zq: (;) (q) ;" (S‘”é’ﬁ‘ff(s, @T))aé’@f <X(5575)X(57)) '

14 Td—q

p=0 ¢=0

By (6.2), there is a constant C' for which

07 (5o (s, 7) ) on (x(esﬂx(er))‘ < Oyt



66

for s € (0,1) and 7 in a given compact set. Since s is in a compact subset of

(0,1), there is a constant ¢ for which s7~" < ¢. Therefore,

<C

r Eq: (7’) <q> o> (wa;ﬂ f(s,i,7’)>a§6£ (X(5375)X(€T)>

p) \/ Td—q

\"
U
<

p=0 (=0
Hence, the inequality in (6.3) holds.

Finally, we prove the inequality in (6.2). Asin (6.5) it is sufficient to show

that

-1 050201 (5, &, T)x(eT)
(L+ 7)1

is bounded for 7 in K x S"~1, and s € [0, 1]. As before, bounding this expres-
sion is equivalent to bounding the expression with 1 + 7 in the denominator
replaced with 7. Furthermore, f is smooth and homogeneous in 7 of degree d.
Thus, 9702 f is also smooth and homogeneous in 7 of degree d. Furthermore,
the only dependence on s and Z are in f. Thus, it is sufficient to prove the

bound for » = 0 and & the 0 multiindex, i.e. that

01f (s, &, T)x(eT)

Td—q

is bounded for (s, ) € [0,1] x K x S"~!. By Leibnitz, this is

zq: (q) (0577 (s, 0,7) ) &rx(e7) |

r Td=q

r=0
By Lemma 6.4, there is a constant C, such that 0l x(¢|f]) < C,7~" for all
0 < r < ¢. Furthermore, f is homogeneous in 7 of degree d so 97" f(s,x,0)

is homogeneous in 7 of degree d — ¢ + r. Therefore, there is a constant C' for
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which |047" (f(s,@x,7’)>8§x(57’)| < Créatrr= = Cr%79. Thus, each term
in the sum is bounded, and hence the sum itself is bounded, giving the final

bound. O

These bounds are extremely flexible. At this point we recall that for j >
1, Ai_’j;S = S*3j+2&i_’isx(ejs|0|‘;)x(sj|9|) where C~LZ‘_’:]ES is a smooth function of
s, x, 6, homogeneous in 0 of degree —j — 1. Also, A_; r = a_; gx(;|6|) where
a_j r is a smooth function of s, z, §, homogeneous in 6 of degree —j —i. Using
the bounds we have just derived, we prove a corollary that is immediately

applicable to our amplitudes.

Corollary 6.6. Suppose U C R"™ is open and f(s,z,0):]0,1] x U x R* - R
s smooth and homogeneous in 6 of degree d. Let 0 < e <1, >0 andv >0

be given. Then,
s f(s,2,0)(es0)°)x(e]0]) € St ([0,1] x U x R™)
sV f(s,x,0)(es|0]°)x(e|b]) € Sgﬁm((o, 1) x U x R")
Fs.2,0)x(el0]) € Sfi0)([0,1] x U x R")

Proof. The conditions in Lemma 6.5 are satisfied. With p = 0, the bounds

in Lemma 6.5 are precisely the seminorms for the functions above in their

respective symbol spaces. O

At this point, it is a matter of notation to state the symbol spaces that

contain the regular and singular parts of the Alj;
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Corollary 6.7. For j > 1, with any choice of 0 < e; < 1, and any fized 6 > 0,

A€ STV (0,1 x U x R™)
AliSES10 “((0,1) x U x R™)
AliResloo([o,l]xeR")

and

Ags € S15,([0,1] x U x R™)
A5 € Sip((0,1) x U x R™)

Ajn € Sioo([0,1] x U x R™).

Hence, for 7 > 1

AP e SETVTTER([0,1] x U x R NS ((0,1) x U x R™)

and

AGT € Srio([0,1] x U x RN € S74((0,1) x U x R™)

Proof. By construction, for j > 1, Ai_’is = s7312G Zj;5><(e':?jg5’|0| )x(g5]0]) where
di_’}_t g is a smooth function of s, z, 6, homogeneous in ¢ of degree —j —i. There-
fore, by Corollary 6.6, with v = 35 — 2 and d = —j — 4, the singular parts are
in the stated space.

Also for j > 1, A"% YiR=a jox(€J|9|)+a_J rX(€j+1]0]) where a j;o and a” ]R

are smooth functions of s, z, 6, homogeneous in 6 of degree —j —i. Therefore,

by Corollary 6.6 with d = —j — 4, the regular part is in the space claimed.
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By definition, A5E os = @ Jsx(€05]9|5)x(80\6\), with &ij,s smooth and ho-
mogeneous in ¢ of degree —i. By Corollary 6.6 with v = 0 and d = —i, the
singular part of Aé’i is in the appropriate space.

Finally, A% o.r is a smooth function of s, 7,6 on [0,1] x U x R™ and homo-
geneous in # of degree —i. Hence, Aé’i € 5”1_76’0([0, 1] x U x R™).

The spaces of the Al_f come from the fact that
S140'([0,1] x U x R™) € S&HTV72(0,1] x U x R"),
and 5100([0 l]xeR")CSMO([ 1] x U x R™). O

Notably, this tells us that on the interior (that is, s > 0) using the co-
ordinate s, we have the classical symbol spaces. Moreover, the change of
coordinates s = t'/? is smooth on the interior, so that in fact the singular
amplitudes, when viewed as symbols on the interior in the ¢, z, 6 coordinates
behave as the classical symbols. The problem lies in the “restriction to the
boundary.” The singularities in s can be managed, but at the expense of de-
cay in . Fortunately, as we will see in the next chapter, the trade-off is nice
enough to allow us to add the symbols.

These symbols are not the only things we need. We also have initial con-

ditions involving 3*285/11’?.
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Lemma 6.8. With the same assumptions as in Lemma 6.6,
720,47 (5., 0) 10 P (e18) € S (0.1 % U x B
720,57 f (5.2, 0) s IX(ElB]) € S0y (0, 1) x U X RY)

Proof. Note that s720,g9 = 0,(s72g) — 25 3g. We look at the two terms sepa-

rately. First,
Oy(s257 (5, 2, 0) (sl (El0D)) = Du(s~ D (s, 2, B)(es oI (elol)).
The function

s~ f(s,2,0)(es10]°)x(e10])

e S ((0,1) x U x R") 150 0)((0,1) x U x RY).

The operator 0, : S — Sy and 8, : STy — ST, for any m, and this is
independent of the domain. Therefore,
Os(s™%s7" f(s,2,0)(es10]°)x(£6]))

€ SEeTN0,1] x U x R") N Sf4)((0,1) x U x R™).

For the second term, we simply have
s (=2f(s,2.0)) (es]6]°)x(16)]).
The function —2f is smooth, and homogeneous in 6 of degree d. By Lemma 6.6,

s~ (=2 (s, 2,0))(es10]°)x(c10])

e ST ([0,1) x U x R") 158 )((0,1) x U x RY).

Hence, the sum is in the desired space. O]
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Corollary 6.9. For j > 1,
sT20,AM € ST ([0,1] x U x R") NS ((0,1) x U x R™)
and
Agt € Sio([0,1] x U x RN € Sa((0,1) x U x R™).

Proof. The regular parts of these symbols are of the form

Zlfj,O(x> 9) + Ssal ?R(Sa xz, H)X(gle‘)

where ai_’jjE r(s,z,0) are smooth and homogeneous in 6 of degree —j —i. There-
fore, S_QGSAin(s,a:,H) = (3aif;R + SﬁsaﬁiR)X(eS]G]), which is smooth, and
3ai_’j; rt s@sai_’j; r 1s homogeneous in 6 of the same degree. Therefore, the oper-
ator s720, does not change the smoothness or the homogeneity of the regular

parts. Therefore, for 7 > 0,
sT20,A p € ST35N([0,1] x U x R™).

The issue is what happens with the singular part. By Corollary 6.7 and

Lemma 6.8,
sT20,AY € STV (0,1 x U x RM N ST ((0,1) x U x R™).
Since
Si30([0,1] x U x R™)
c SEITDTT([0,1] x U x R™) N ST ((0,1) x U x R™)

the result follows. ]
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6.3 Asymptotics

We seek a sequence of symbols {A’f; 720 that are in symbols spaces whose

orders decrease to —oo, and whose sum converges in the symbols space of Aé’i.
The functions A’f; are of order (30 —1)j — i if we want to include s = 0. Since
i = 0 or 1, in order for this to decrease, we fix 0 < § < 1/3. For 4,4 fixed,
the sequence m;; s decreases to —oo as j — oo. Now that the symbols are in
spaces that decrease in order, the issue is convergence of the sum. The proof is
an adaptation of a proof due to Hérmander (see [5]), which is similar in spirit
to that of Borel’s lemma.

The task is to choose the ¢; in the definition of the A’j so that the partial
sums are Cauchy sequences in each seminorm. In order to do this, we exploit
the bounds we obtained, and impose finitely many conditions on each ¢;.

Fix e¢g = 1. Let f(g be compact subsets of U such that Kg C f(ZH and

Uf(g = U. AISO, let Ik; = [ 1-— L] and put Ke = Ik X f(e. Let p?ﬂb

1
k+1° k+1

denote the seminorm pj, on S7((0,1) x U x R™), and let let oj* be the %%,
seminorm on S7%([0,1] x U x R™).

By definition, Ai_’j;R = ai_’iox(ej|0|) + ai_’j;Rx(sj_le. Write flz_ijR =

ai’j;Rx(ej,le and fli_’j;o = ai_’jox(ej|9|). For j > 1 we would like to choose
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€ so that
for0</l <y
36—1)0—i—25; 4i,+ —l—i[ ptE —j
Q§ : (A—] 5) <27 7, p/ (A—j,S> <27
Q§35—1)€—i+5( —28 A_] 5’) < 27j’ pzf z( 726 A_j S) < 27]'
TAL ) <277 —l=i( fiE Y < 9= (6.6)
0 (A—jo) < 5 pr —],0) =

and for 0 </<j—1

ot —j —0—i( Jik —j
(A G-n.R) £ 277, Dy (A™ (— 1),R>§2]

—l— _28 A'L ,x < 2—] —f—i —26 Ai,:l: < 2—]

07 (s (G-1), r) , Py (5770 —(j—l),R) =

for i = 0, 1. Note the shift in the index for Ai_’j(tj_l) g Thisis to give a condition

)

on 8]'.

Write pj o = (1 —30)(j — ¢), so that
(36 — 1)0 = (36 — 1)j + ;0.

Noting the structure of these symbols and the definition of the seminorms, by

Lemma 6.5, we have bounds

for0</l <y

(36—1)—i—28 ; 4i,+ (30—1)j—i—20+p;.¢, ri,+ it e
9 (Af]S) < o " (Afj 5) <0 €;’

—b—i[ gt E +(G—L) s pi,E i,+ _j—4
p/ (A—]s)<p] v (A—]S) Cy 5;

Q§35—1)€—i+5( -25 A_js) 9235—1)j—i+5+#j,2(S—QaSAi_,:Ii ) < C”i #ge

pi (5T 0L ) <p U5 0,AY ) < Ot
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and for 0 </ <j—1

07 T Aoy r) < 0 VTVTHUT(AL Ly p) < O

—0—i[ At,* 1)—i+(j—¢ 1,+ i,+ j—1—4
P A ) S TN ) < G

iy —2a Fit D—it(j—0) [ —24 Fit it _j—1—¢
o7 (5720, A" e <o SO0, 285147(‘7‘71),}2) < Cy7ej

=i —2a it V=it (j—0) [ —24 Fit it _j—1—¢
p/ (s 29, A® 0, R) <p, —(J-1)—i+( )(S 28514_(]-_1) R) Cis 5?

where each C’,i’i is independent of ;. Thus, we can choose the ¢; to satisty
the conditions sought in (6.6).

Fix a choice of ¢;, 0 < § < 1/3, and a cutoff function y with the desired
properties so that the Azjjt are fully defined. Then, we can add the symbols,

as described in the following lemma.

Lemma 6.10. For any J > 0,

ZAliS e STTTTP(0,1] x U x R") N ST ~72((0,1) x U x R™)
ij=J

23‘28 Ao e SEIVTT([0,1] x U x R™) N ST 772((0,1) x U x R")

D AL e STT(0,1] x U x R™)
j=J

o0

25*28 AR € STlei([0,1] x U x R™).
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Hence,
A e SFTTTR(0,1] x U x RY) N Sii7((0,1) x U x R™)

and

S sT20,4% € ST (0,1] x U x R N ST TH(0,1) x U x R™).
j=J

Proof. By Corollary 6.7,
At e SE IV ([0,1] x U x R*) NS ((0,1) x U x R™).
Also, A € S7377([0,1] x U x R"). Furthermore, by Corollary 6.9,
sT20, AN € S175°([0,1] x U x R™)
and
sT20,AY ¢ € STV ((0,1) x U x R™Y N ST ((0,1) x U x R™).

The order of the spaces (30 — 1)j —i —20 — —o0 and —j — i — —00 as
Jj — o0o. Moreover, with our choice of ¢;, we have the bounds in (6.6).

By Lemma 6.1, the sums are in the stated spaces. [

Definition. The amplitudes
a"*(s,2,0) € Sio([0,1] x U x R") N S5((0,1) x U x R™)

are given by

o

a"*(s,1,0) =Y A"(s,1,0). (6.7)

Jj=0
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Lemma 6.11. Each a**(t,x,0) and t~'/20,a"* are continuous in t down to

t=0.

Proof. Since

a"*(s,x,0) € S5 ([0,1] x U x R")

and

71200 = 520,07 € SriH([0,1] x U x R™),

they are smooth in s on [0, 1]. The change of variables s = t'/2 is continuous

at t = 0. Therefore, the functions are continuous down to t = 0. O]

are related to the ai_’jj[.

Moreover, the functions a®*

Lemma 6.12. On (0,1) x U x R”,

o0
abt ~ E atE.
j

Jj=0

+

Proof. First, note that the ai_’jjE are of the form s"’di_’jjt where C~Li_’j is smooth

and homogeneous in 6 of degree —j — ¢. Therefore, on any compact subset of
(0,1) x U, the function ai_’jj[ is smooth and homogeneous in 6§ of degree —j —i.
Hence, a5 € S;37'((0,1) x U x R"). For i =0,1, —j — i\, —00 as j — 0.
Therefore, it suffices to show that

k—1
a"* =Y a"s € SiETH(0,1) x U x R™).

Jj=0
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Observe that for j > 1,
ADT — b =TI (X (eys101°) — 1) + al T (x(e410]) — 1)
+ a2 p(x(+1101) — 1)
If s is in a fixed compact subset of (0,1), then ¢;s is in a compact set. Specif-
ically, there is an 7; > 0 such that e;s > n;. Thus, x(g;s/0]°) = 1 for
6] > 77]75, so that x(g;s[0]°) — 1 is compactly supported. Clearly, x(g;]0]) — 1
and x(¢j11/0]) — 1 are compactly supported in 6. Therefore, for (s, z) in a

it
—J

compact subset of (0, 1) x U, the function Al_f —a_; is smooth and compactly
supported in (s,z,6). Hence, Al_“]—L — ai_’:; € S7°((0,1) x U x R™) for every
Jj= 1L

For j = 0, the only modification is that Ao r = aé’fg + aifj[’Rx(€1|9|) so the
difference is A5* — af* = aé’é(x(soswrs) - 1)+ ai_’;R(X(51|9|) —1). As above,
this is also in S™°((0,1) x U x R™).

Now, we have

00 k-1 00
DA =N 6t =) A" mod S7°((0,1) x U x R).
j=0 j=0 j=k

By construction, » 2%, A’f; € S57H((0,1) x U x R™). Hence,
=1
at =Y "a" e SiET((0,1) x U x R™)
=0

i+ 1,7+
and a"= ~ 3" a”;. O

Now that we have a complete definition of our amplitudes, and how they

relate to the solutions of the transport equations, we state some proper-
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ties relating to the initial conditions. First, note that the singular parts
Ai_”is have a factor of x(g;s]0|°), which vanishes to infinite order at s = 0.
Therefore, Ai’?(O,x,G) = Ai’j;R(O,x,H). But, for j > 1 the regular part
is simply ai_’j;Rx(ej\@\), so that Ai_’ﬂjE(O,x?H) = ai_’jjt’R(O,x,@)X(aj|6|). Finally,

a"5 (0, 2,0) = Co(a”})x(&5]0]), giving
AP(0,2,0) = Cola”5)x(25101).

Furthermore, Aé:iR = af)’ifz, so that Aé’i(o,x,ﬁ) = Cy(ab™). By construction,
for j > 1, C’o(ai_’}“) + C’O(ai_’;) = 0, and for j = 0 we have the conditions
Co(ay™) + Co(ay™) = 1 and Cy(ag™) + Colay™) = 0. Hence, these initial
conditions translate to the conditions

Ayt (0,2,0) + Ay~ (0,2,0) =1

Ayt (0,2,0) + Ay~ (0,2,6) =0

A0, 2,0) + A" (0,2,60) = (co(aﬁj) + cg(aﬁp) X(&;10) = 0.

Hence, by the definition of the symbols a**, we have

a’*(0,7,0) +a” (0,2,0) = 1
(6.8)
at(0,2,0) +a"(0,z,0) = 0.

We now seek the analogue of the remaining initial conditions. Specifically,

we will show that
s720,[e" a% 4+ € %))y = 0

3_205[ei¢+a1’+ + e a" ) |go = oi(r=y)0
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Note that
0,65 = 17100 g = iV
g
§720,0%] o = fj Colt™2010 )x(e1116])
a"*|o=o = Co(ag™ ZCO D)X (e5161)
ci¢* oo = eil@—y)0
Now,

5’233[6i¢+ai’+ + € a"|s=0
— el(x v [ 283¢+|s 0( i7+|s:0 - ai’i‘s:o) + 572as(ai,+ + aiﬁ)’S:O : (69)

Neglecting the factor of e/*=¥)?  this translates to

~00] ,
I (Culai™) - G +§jxe]|e| [
g

A G%i=o
Z—

o (Colal)) = ColaZy)) + (Colt™120ha ;) + Colt™Bia"; 4)))
g

(6.10)

after noting the shift in the index of the € in the construction. By construction,

A G%i=o
Z—

an (C’D(aifjr) — C’o(ai;;)) + C’o(t_l/Qé?ta’f(r )+ Co(t™ 1/ 28ta G 1)) 0
g
for 7 > 1 and ¢ = 0, 1. Therefore,

3_285¢+‘s:0(ai7+|520 - aiy_’s:0) + 3_288(ai7+ + ai7_)|s:0

500] A o
_ i—%(a)(aa*) —Colai)).
g
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Again, by construction, we have

T 500,
- 79|(|)t0 (Co(a8’+> - Co(ag’_» =0 and ig—hio(cﬁ(aé#) - Cﬁ(a(1)7_)) =L
g

Hence, we have the conditions
s720,[e?" a%F + ¢ a%][s_o = 0
-2 it 1+ i~ 1,— _ i(z—y)-0
s04e? avT + e a0 =¢ :
Writing in the ¢ coordinate, we have

lirré 15_1/23t(e"‘z’+ao”r + e ao’_) =0
o (6.11)

1{% t—1/zat<ei¢+a1,+ 4 €i¢*a1,—) _ pilz—y)0
t
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CHAPTER 7

The Solution Operator

We now assemble the phase functions and amplitudes into a Fourier Integral
Operator, following Hormander and Duistermaat (see [2, 5]).

Let U C M be a neighborhood of py € OM in which we have coordinates
(t,z), phase functions ¢*(t,z,y,6) and ai_’jjE solutions of the transport equa-
tions as defined in the previous chapters. Then in particular, we have the
asymptotic expansions of the symbols giving a®* for (¢,z) € U.

Define the operator
E: C®(OM) x CZ(IM) — C=(U N M)

by

E

UO]“’@:(%lwn I e "b][ ”]dyde (1)

(75} a a U1

where this is to be interpreted as an oscillatory integral, see [5].
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Lemma 7.1. The operator E extends by continuity to an operator
E: Co®(OM) x Co®(0M) = C~°(U N M)
Proof. Let ¢ be one of our phase functions and a one of our amplitudes. Let

(¢, a)(t,2,y) =

1 .
o) /ew(t’””’y’e)a(t, x,y,0)do
T n

as an oscillatory integral; this is a distribution (despite the notation) on M x

OM, more precisely, on (M NU) x (OMNU). Let
T M x OM — OM

be the canonical projection. We need to see that the product I(¢,a)m*u is
defined whenever u € C;*°(OM NU). For this, we use Hérmander’s theorem
on products of distributions (see [5] Chapter 2).

Suppose I'; and I'y are closed cones in 7%(X) such that there is no (z,¢) €
I'y for which (z, —¢§) € I's. Then, for any distributions v and v with W F(u) C
I’y and WF(v) C I'y there is a unique product uv that is sequentially contin-
uous.

If ¢ is one of our phase functions and a is one of our amplitudes, then

WFE(I(p,a)) C{(t,x,y, i, Oz, Py) : (t,2,y,0) € Cp}

Since the differential of the projection 7 : M x OM — OM is surjective, for

any distribution v on O M, the pull back

7 TOM — T*(OM x M)
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is injective, and furthermore, WF(r*u) = 7*WF(u). In coordinates, the
pull back by 7 of the wavefront set of u consists of vectors of the form
{(t,z,v,0,0,m)}, owing to the fact that it is independent of ¢, z.

Recalling the construction of the phase function using the eikonal equation
(4.2), 7 = ¢, vanishes at the boundary, but 7 does not. Therefore, on the
interior near the boundary, 7 = ¢, # 0, and W F'(I(¢,a)) contains no vector
of the form (¢, z,y,0,0, —n) with small ¢ > 0.

Hence, there is a well defined product of the distributions I(¢,a) and 7*u
defined on M x OM if ¢ is one of our phase functions, a is one of our symbols

and u € C7°°(OM). O

Lemma 7.2. The distribution E(Z‘l)) satisfies the initial conditions in the sense

that
. Uo
lim F = 7.2
to™\0 (u1> t=to ’ ( )
. 1/2 Ug o
lim ¢/20, E( ) =u (7.3)
to\0 Ul t=to

modulo smooth errors.

Proof. We only need to argue in the case where ug and u; are smooth. Simpli-
fying the notation, let ¢ be one of our phase functions, a one of the amplitudes,

and v one of ug or u;. Recalling that ¢ has the form

o(t,x,y,0) = (v —y) - 0+ t3/2Y(t,2,0),
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we need find the limits of

/ e Da(t .,y 0)p(x)uly) dy o

and

1 .
mat/ew(t’x’y’e)a(ta957%‘9)90@)“(@) dy df

as t N\, 0. Both integrals are to be taken in the oscillatory sense and ¢ is a
compactly supported smooth function. In either integral, using that

1
L=—"—
1+16)?

(1—146-0,),

has the property that Le® = e/, that u is smooth and compactly supported,
and integration by parts, allows us to assume that a has large negative order,
so that the oscillatory integral is an actual integral. In the first case we use

that a is continuous down to ¢ = 0 (see Lemma 6.11) to conclude that the

limit exists. In the second case, we note that

1., or 3
mﬁte %q = e¢[(§w + thy)a +

1
o

0,5@}

In this expression, ¢ is continuous in ¢t at ¢ = 0, ¢y, is also continuous, in fact
vanishes at t = 0 because 1 is a smooth function of t'/2, and the last term is
also continuous (see Lemma 6.11).

Assembling F we see that the limits (7.2, 7.3) exist. Using now (6.8) we

get
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where Ry is a smoothing operator and using (6.11), we get

1 Ug 1 .
1 OE = =)0y, (y) dy db.
tolm 1270 (ul) i (2m)" /6 uy(y) dy
Hence,
. 1 Ug Ug
lim — O, F =u — R
tolg%) t1/2 ! (U1) t=to “ ' <U’1>
again with some smoothing operator R;. [

Finally, we show that this distribution solves the equation. Here, we exploit

i+ i,+
the fact that a >ial;.

Lemma 7.3. The distribution E(Z‘i’) solves

DE(UO) =0 mod C* fort >0
Uy
Proof. The symbols in this proof are all of type 1,0 and defined in (U N ./\O/l) X
R". Therefore, we will omit the type and domain and only indicate the order
of the symbol throughout the proof.

Observe that with b3 = a* — Z;}:O ai,’jjt, we have

J
I(¢*,a"*) = I(¢*,b57) + I(¢*,) a"7).

=0

By construction, using the variable s = t'/2, b%* € S~/=1=%. Moreover, 0 is

a second order operator. Therefore, 1 1(¢F,055) = I(¢*, pb’s™) where p is a

symbol of order 2 (the full left symbol of ). Thus, pb’;™ € S—7/—+1,
Furthermore, the ai_’jj[ satisfy the transport equations, so that for each J >

0, O(I(p%, Z}]:O azj)) is given by I(¢*,b%F) for some b € S~7~. Hence,
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OI(¢%,a") = 1(6*, pblj" + 1)
where the sum bf]’i + l;f]i € S~7/="1 This is true for any J. Hence,
OI(¢*,a"F) = I(¢*,a")

for some a** in S=°°. Therefore, each I(¢*, a**)u is smooth, and OJ E(Zi’) =

. O
All together, we have proven the following theorem.

Theorem 7.4. Let T be a smooth vector field whose restriction to OM spans
A and let (t,x) be coordinates in a neighborhood U of a point py € OM
with t a defining function of OM such that Oilop = T. Let ug and uy be
elements of C-®°(OM). With ¢* and a** as constructed, the operator given
by the oscillatory integral in (7.1) solves the problem (3.3) modulo C*, with
the initial conditions being satisfied in the sense of distributions. Moreover, the
description of the initial conditions is independent of coordinates, and depends

only on the vector field T .
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